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PREFACE

We present a novel complicated integral transform, the complex SEE transform, in this book. The
features of this transformare studied. This complex integral transformis also used to simplify the
core issue to a simple algebraic equation. The solution to this basic issue may then be determined
by solving this algebraic equation and applying the inverse of this complex integral transform.
Finally, the complex integral transformis employed to solve higher order ordinary differential
equations. Also, we present several key engineering and physics applications. This chapter of the
course teaches two incredibly effective ways to solve differential equations: the Fourier and the
Laplace transforms. Beside its practical application, the Fourier transform is also of vital
significance in quantum physics, establishing the relationship between the position and momentum
representations of the Heisenberg commutation relations. An integral transformis valuable if it
helps one to convert a difficult issue into a simpler one. The transforms we will be learning inthis
portion of the course are largely used to solve differential and, to a lesser degree, integral
equations. The theory of Fourier series and integrals has always had considerable challengesand
requires a huge mathematical apparatus in dealing with concerns of convergence. Itencouraged
the creation of techniques of summation, albeit they did not lead to a wholly adequate solution of
the issue. ... For the Fourier transform, the inclusion of distributions (thus, the space S) is
inevitable either in an explicit or hidden form. ... As a consequence one may acquire everything

that is wanted from the point of view of the continuity and inversion of the Fourier transform.
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CHAPTER 1

INTEGRAL TRANSFORM

This section of the course presents two incredibly strong techniques for solving differential
equations: the Fourier and the Laplace transforms. The Fourier and Laplace transforms are two of
the most effective methods for solving differential equations. As well since being useful in
everyday life, the Fourier transform has a key role to play in quantum physics, as it is responsible
for establishing correspondence between the position and momentum representations of the
Heisenberg commutation relations. One of the benefits of using an integral transform is that it
helps one to convert a difficult issue into a simpler one. The transforms we will be covering in this
section of the course are mostly helpful for solving differential equations and, to a lesser degree,
integral equations in differential equations. The concept behind a transform is really
straightforward. Consider the following scenario: we are attempting to solve a differential equation
involving an unknown function f. One begins by applying the transform to the differential equation
in order to convert it into an equation that can be solved quickly and easily: in the case of the
transform F of f, this is often an algebraic equation. This equation is then solved for F, and the
inverse transform is used to determine f. This is the last step. In diagrammatic form, this circle (or

square!) of concepts might be depicted as follows:

| alpebraic equation for B _— solution: &

inverse

t q 1
IrANSIOTIn transform

differential equation for f —_—— — — = eelution: f

We would like to follow the dashed line, but this is often very difficult.
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As a result, we choose to follow the solid line instead: while it seems to be a longer route, it has
the benefit of being simple. Why else would formalization exist if not to reduce the solution of
complex issues to a set of simple rules that can be followed by even the most basic of machines?
We will begin by discussing Fourier series in the context of a specific example: a vibrating string,
before moving on to other topics. Additionally, the separation of variables approach will be
introduced in order to solve partial differential equations, which will be beneficial in the long run.
We will use the Fourier integral transform to discover steady-state solutions to differential
equations when the vibrating string reaches an infinite length in the limit. This will be applied
specifically to the one-dimensional wave equation, which will be discussed later. We will
introduce the Laplace transform to deal with transient solutions of differential equations in order
to better understand them. This will subsequently be used to a variety of situations, including the

solution of initial value problems, among others.
1.1 GENERAL FORM

Any transform T of the following form is considered to be an integral transform:

ta

(TH) = [ F(t) K(t,u) dt

t

A function is used as the input to this transform. £, and the output is another function Tf. An

integral transform is a particular kind of mathematical operator.

There are numerous useful integral transforms. Each is specified by a choice of the function
of two variables, the kernel function, integral kernel or nucleus of the transform.

I K Y(u,t)

Some kernels have an associated inverse kerne which (roughly speaking) yields an

inverse transform:

£(t) = f TH ) K (u,t) du
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A symmetric kernel is one that is unchanged when the two variables are permuted; it is a kernel

K(t,u) = K(u,t).

function * such that In the theory of integral equations, symmetric kernels

correspond to self-adjoint operators.
1.2 MOTIVATION FOR USE

Leaving aside the complexities of mathematical language, the idea underlying integral
transformations is straightforward. There are numerous kinds of issues that are difficult to solve
(or at the very least ungainly algebraically) in their original formulations, and this is true of many
types of problems. An integral transform is a mathematical operation that "maps™ an equation from
one "domain” to another. This may be far more straightforward than manipulating and solving the
problem in the original domain since the target domain is significantly smaller in size. The answer
is then transferred back to the original domain using the inverse integral transform of the integral

transform of the original domain.

It is possible to use integral transforms in many different applications of probability, such as the
"price kernel" or stochastic discount factor, or the smoothing of data recovered through robust

statistics (see kernel transform) (statistics).

Consider the Laplace transform as an example of how integral transforms may be used in a
practical setting. This is a method that maps differential or integro-differential equations in the
"time" domain into polynomial equations in what is referred to as the "complex frequency"” domain
using the concept of “complex frequency.” (Complex frequency is comparable to real, physical
frequency, but is more versatile in application.) Furthermore, the imaginary component I of the
complex frequency s = | corresponds to the conventional concept of frequency, namely, the rate at
which a sinusoid repeats, while the real component | corresponds to the degree of “damping,"”
which is an exponential decrease in the amplitude of the sinusoid's output signal.) Complex
frequency is used to cast the equation, and the problem is easily solved in the complex frequency
domain (roots of polynomial equations in the complex frequency domain correspond to
eigenvalues in the time domain), resulting to a "solution" that is expressed in the frequency
domain. The inverse transform, which is the inverse method of the original Laplace transform, is
used to get a time-domain solution, which is defined as follows: Specifically, polynomials in the

complex frequency domain (usually appearing in the denominator) correlate to power series in the

6
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time domain, while axial shifts in the complex frequency domain correspond to damping by

decaying exponentials in the time domain, as seen in this example.

There is widespread use of the Laplace transform in physics and, in particular, electrical
engineering, where the characteristic equations that describe the behaviour of an electric circuit in
the complex frequency domain correspond to linear combinations of exponentially scaled and
time-shifted damped sinusoids in the time domain, as well as in other fields. Other integral
transformations have a wide range of applications in a variety of scientific and mathematical areas

as well.

Another usage example is the kernel in the path integral:

ﬁ"txlt} - f i.‘llflimfstr}K{;‘E‘- t;mlrﬂ tﬂ]dmr'

o

W(x,t) (1)

This states that the total amplitude to arrive at is the sum (the integral) over all

(', )

] I I f
possible values % of the total amplitude ¥(Z'+1') to arrive at the point multiplied by

' = [ I Y
the amplitude to go from # oz [te. K(z,t;2',¢')] It is often referred to as the propagator for a
given system. This (physics) kernel is the kernel of the integral transform. However, for each

guantum system, there is a different kernel.

Table of transforms
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Table of integral transforms

Transform Symbol K fit) L | L K Uy u,
2t -1 d
Abel transform EE —_— u 00 : — B 50
VE—& m/u ¢ du
Associated Legendre fransform | Jp.m (1—2%)"™2 P (x) -1 |1 0 oo
Fourier transform F P Ly —o0 | oo | g2t - |00
| | o | | el = |
Fourier sine transform Fs — sin(ut) on [0, o). real-valued | 0 00 | 4 [ — sin(ut) 0 o0
Vi Vi
Fourier cosine transform 5 -‘I"II— cos(ut) on [0, 00), real-valued | 0 0 “d/ — cos(ut) 0 o0
b ki
Hankel transform t.J, (ut) ] 00 [u.J, (ut) ] oc
cos(ut) + sinfut) cos(ut) + sin(ut)
Hartley transform H _— w0 0| ——————— | ~0 |
V27 V2n
Hermite transform H g‘*’z H,(x) —o0 | 00 0 oo
— — = | | = | |
Hilbert transform Hil - —x |00 | — —oo |00
Tu—t Tu—t
Jacobi transform J (1—a)* (1+ :c)"‘i P,ﬁ"ﬁ(w) -1 |1 0 )
Laguerre transform L e ©x* L§(x) 0 0 0 o0
| | | | | 15| - | |
Laplace transform L g o 00 | — c—i00 | c+ioo
Legendre transform & P, (z) -1 |1 0 o0
| » | | = | |
Mellin transform M Fig; 0 o0 - [3] c—ioo | e+ioo
Two-sided Laplace : Jut g i
¥ B et 00|00 | £ c—ino | c+ino
transform i
) 1—2
Poisson kernel B — 0 2m
1—2rcosf + r?
Radon Transform RS o0 | 00
)2 (uti?
Weierstrass transform w e oo oo| & ¢ c—ioo | c+ioo
Vi iy A
X-ray transform Xf 00 | 00

In the limits of integration for the inverse transform, ¢ is a constant whose value is dependent on
the nature of the transform function being considered. The coefficient c, for example, must be
bigger than the biggest real portion of the zeroes of the transform function for both one- and two-
sided Laplace transformations, respectively. Note that the Fourier transform may be expressed

using a variety of different notations and conventions.
1.3 BRIEF HISTORY OF INTEGRAL TRANSFORM

Integral transformations have been effectively used to a wide range of issues in applied

mathematics, mathematical physics, and engineering research for almost two centuries. Integral
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transforms, including the Laplace and Fourier transforms, can be traced back to the celebrated
work of Pierre-Simon Laplace (1749-1827) on probability theory published in the 1780s and to
the monumental treatise of Joseph Fourier (1768-1830) on La Th'eorie Analytique de la Chaleur
published in 1822 as the origin of the integral transforms. In reality, several of the fundamental
conclusions of the Laplace transform were contained in Laplace's famous work on La Th'eorie
Analytique des Probabilités, which was one of the oldest and most widely used integral transforms
accessible in the mathematical literature at the time of its publication. When solving linear
differential equations and integral equations, this method has shown to be quite successful.
Fourier's book, on the other hand, offered the contemporary mathematical theory of heat
conduction, Fourier series, and Fourier integrals, as well as applications for these concepts.
Fourier's book included a startling finding, which has come to be recognised as the Fourier Integral
Theorem across the world. A number of examples were provided until the conclusion was reached
that an arbitrary function defined on a finite interval may be enlarged in terms of a trigonometric
series, which is now commonly known as the Fourier series. When Fourier attempted to apply his
new concepts to functions defined on an infinite interval, he found an integral transform and its
inversion formula, which are now commonly referred to as the Fourier transform and the inverse

Fourier transform, respectively.

Although Laplace and A. L. Cauchy (1789-1857) were unaware of Fourier's famed theory, they
were aware of it since some of their previous work used this transformation. For his part, S. D.
Poisson (1781-1840) employed the transform technique in his study on the propagation of water
waves, which was done independently of others. However, it was G. W. Leibniz (1646—1716), not
Newton, who was the first to propose the notion of a symbolic technique in calculus in the first
place. Following Laplace's death in 1813, both J. L. Lagrange (1736-1813) and Laplace made
significant contributions to symbolic approaches, which later became known as operational
calculus. Despite the fact that both the Laplace and Fourier transforms were discovered in the
nineteenth century, it was the British electrical engineer Oliver Heaviside (1850-1925) who made
the Laplace transform widely known by using it to solve ordinary differential equations of
electrical circuits and systems, and then by developing modern operational calculus as a result of
his research.
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The fact that the Laplace transform is simply a particular instance of the Fourier transform for a
class of functions defined on the positive real axis may be significant to point out, however the
Laplace transform is more straightforward than the Fourier transform for the following reasons. In
the first place, the subject of convergence of the Laplace transform is significantly less delicate
due to the fact that its exponentially decaying kernel exp (st) is greater than zero for all real
numbers greater than zero. For the second time, the Laplace transform is an analytic function of
the complex variable, and the characteristics of the Laplace transform may be investigated with a
basic understanding of the theory of complex variables. Lastly, the Fourier integral formula gave
us a new way to think about Laplace transforms and inverse Laplace transforms by defining them
in terms of a complex contour integral that can be evaluated using the Cauchy residue theory and

contour deformation in the complex plane.

It was the work of Cauchy that contained the exponential form of the Fourier Integral Theorem as

;
fix) =

/ piklr- W F () dyd k.

.l""--.._‘_I}

Cauchy’s work also contained the following formula for functions of the operator D:

o D) f(x) —zi_ [ }f Blikye™ Y £ (y)dydk.
This was a major contributor to the development of the contemporary version of the operational
calculus. His well-known work, Memoire sur 'Emploi des Equations Symboliques, provides a
pretty thorough exposition of symbolic approaches, which is still in print today. Many
mathematicians and mathematical physicists throughout history have realised the profound
relevance of the Fourier Integral Theorem, including those working in the nineteenth and twentieth
century’s. It is in fact widely considered as one of the most basic conclusions of contemporary
mathematical analysis, and it has a broad range of applications in both the physical and engineering
sciences. According to Kelvin and Tait, "...Fourier's Theorem, which is not only one of the most
beautiful results of modern analysis, but may be said to furnish an indispensable instrument in the
treatment of nearly every recondite question in modern physics, is a general and important result

in mathematics and physics." In order to offer a vague notion of its significance, | will merely cite

10
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sonorous Vibrations, the transmission of electric signals down a telegraph wire, and the conduction
of heat by the earth's crust, all of which are problems that are in their generality insoluble without
it."

Oliver Heaviside (1850-1925) was the first to recognise the power and success of operational
calculus in the late nineteenth century, and he was also the first to use the operational method as a
powerful and effective tool for the solution of the telegraph equation and the second-order
hyperbolic partial differential equations with constant coefficients, both of which he discovered in
the late nineteenth century. "On Operational Techniques in Physical Mathematics,” Parts | and I,
which were published in The Proceedings of the Royal Society of London in 1892 and 1893,
respectively, were Heaviside's first two chapters on the subject of operational methods in physical
mathematics. His book on Electromagnetic Theory, published in 1899, also included information
on the usage and application of operational techniques to the study of electrical circuits or
networks, as well as other topics. Heaviside substituted the differential operator D d dt with the
polynomial operator p and treated the latter as if it were an element of the usual rules of algebra,

as seen in the diagram.

Concerns about the mathematical rigour of his operational techniques received little consideration
throughout the development of his operational procedures. There was a great deal of dispute
around the widespread usage of the Heaviside technique prior to its validation by the theory of the
Fourier or the Laplace transform. This was analogous to the dispute that erupted in the 1920s over
the widespread usage of the delta function, which was considered to be one of the most helpful
mathematical techniques in Dirac's logical formulation of quantum mechanics at the time. "All
electrical engineers are acquainted with the notion of a pulse,” remarked P. A. M. Dirac (1902—
1984), "and the -function is just a means of describing a pulse in mathematical terms." Heaviside's
operator calculus in electromagnetic theory, Dirac's electrical engineering training, and his
extensive knowledge of the modern theory of electrical pulses all appeared to have had a
significant impact on his ingenious development of modern quantum mechanics, which was

published in the journal Nature.

According to some sources, the concepts of operational techniques were derived from the classic
work of Laplace, Fourier, and Cauchy, among others. Heaviside was inspired by their

11
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extraordinary efforts and built his own, less rigorous, operational mathematics in the process.
Although Heaviside's calculus has achieved remarkable success as one of the most valuable
mathematical approaches, contemporary mathematicians did not acknowledge Heaviside's work
during his lifetime, mostly owing to a lack of mathematical rigour on the part of the authors. Oliver
Heaviside's birth centenary was celebrated with a talk on Heaviside and Operational Calculus by
Dr. David Heaviside. The mathematician J. L. B. Cooper (1952) disclosed some of the contentious
problems surrounding Heaviside's famed work, concluding that Heaviside has "a genius for
devising practical techniques of computation” as well as manipulative talent. Heaviside's theory
was greatly reduced by him; according to Hertz, the four equations that are now known as
Maxwell's were initially provided by Heaviside. He is considered to be one of the pioneers of
vector analysis..." Cooper provided a reasonably comprehensive description of the early history of
the topic, as well as a range of mathematicians' differing perspectives on Heaviside's contributions
to operational calculus, while reviewing the history of Heaviside's calculus. According to Cooper,
the widely reported claim that Heaviside was the one who developed operational calculus has
remained a source of contention. Although there have been some debates about Heaviside's
accomplishments, it is generally agreed that his most significant contribution was the development
of operational calculus, which has proven to be one of the most useful mathematical devices in

applied mathematics, mathematical physics, and engineering science.

From a scientific standpoint, the following remark from Lord Rayleigh seems to be the most
applicable in this context: "In the mathematical research | have typically utilised such techniques
as present themselves naturally to a physicist.” The pure mathematician will grumble, and (it must
be admitted) with some justification, about a lack of rigour in his or her work. However, there are
two opposing viewpoints on this issue. For, while vital it may be to maintain a consistently high
level in pure mathematics, the physicist may sometimes find it beneficial to be satisfied with
arguments that are somewhat satisfying and convincing from his point of view rather than striving
for perfection. It is possible that the more severe technique of the pure mathematician seems not

more but less demonstrative to his mind since it is executed in a different order of thoughts.

As a result, insisting on the best possible criteria in many areas of difficulties might result in the
topic being completely excluded due to the amount of space that would be necessary.” With the

exception of a small minority of pure mathematicians, everyone has considered Heaviside's work

12



www.novateurpublication.com

to be a tremendous accomplishment, despite the fact that he did not offer a formal proof of his
operational calculus. In support of Heaviside, it seems that Richard P. Feynman's idea is worth
quoting in its whole. In contrast to the mathematicians' focus in rigorous proof procedures, "the
emphasis should be placed on how to perform the mathematics fast and easily, and what formulae
are true, rather than on how to accomplish it quickly and readily.” There was a certain parallel
between the development of operational calculus and the development of calculus in the
seventeenth century. The calculus was created by mathematicians, but they did not offer a precise
formulation of it. The rigorous formulation of calculus did not appear until the nineteenth century,
despite the fact that throughout the transition period, the non-rigorous presentation of calculus was
still valued. It is commonly known that mathematicians of the twentieth century laid the
groundwork for the Heaviside operational calculus by providing a rigorous basis. So, by any
metric, Heaviside deserves a great deal of praise for his extraordinary achievements. The next
phase of the development of operational calculus is defined by the endeavour to give rigorous

proofs to support the justifications of heuristic approaches that have been developed.

T. J. Bromwich (1875-1930) made significant contributions to this period by being the first to
effectively present the theory of complex functions in order to provide formal justification for
Heaviside's calculus. His many contributions to this field include providing the formal derivation
of the Heaviside expansion theorem as well as ensuring that Heaviside's operational findings were
correctly interpreted. As a result of Bromwich's work, several other researchers made significant
contributions to the rigorous formulation of operational calculus, including J.R. Carson, B. van der
Pol, G. Doetsch, and many more. As we draw to a close our study of the historical evolution of
operational calculus, we should express some scepticism about the disputed judgement of

Heaviside's work.

Heaviside's operational calculus was a significant breakthrough from the perspective of applied
mathematics. According to E. T. Whittaker's obituary, which serves as support for this statement,
"Looking back..." we should place the operational calculus alongside Poincar's discovery of
automorphic functions and Ricci's discovery of the tensor calculus as the three most important
mathematical advances of the last quarter of the nineteenth century." Despite the fact that
Heaviside paid little attention to concerns of mathematical rigour, he realised that operational

calculus is one of the most successful and valuable mathematical tools in the field of applied

13
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mathematics and mathematics science. It was a logical progression from there to a careful
mathematical investigation of integral transformations. According to this mathematical basis,
procedures such as the Fourier or Laplace transforms, when applied to the data, are fundamentally
similar to the present operational calculus. Besides the Mellin transform and the Hankel transform,
there are many other integral transformations that are widely used to solve initial and boundary
value problems involving ordinary and partial differential equations, as well as other problems in
mathematics, science, and engineering. The Mellin transform is one of the most widely used

integral transformations in mathematics, science, and engineering.

However, it was G. Bernhard Riemann (1826-1866) who first recognised the Mellin transform
and its inversion formula in his famous memoir on prime numbers, even though Mellin (1854—
1933) presented an elaborate discussion of his transform and its inversion formula in his famous
memoir on prime numbers. Hermann Hankel (1839-1873), a student of G. B. Riemann, invented
the Hankel transform, which uses the Bessel function as its kernel. When circular symmetry is
assumed, the Hankel transform may be readily deduced from the two-dimensional Fourier
transform. When dealing with boundary value issues in cylindrical polar coordinates, the Hankel
transform is a logical progression. Despite the fact that the Hilbert transform was named after one
of the finest mathematicians of the twentieth century, David Hilbert (1862-1943), the transform
and its features were primarily researched by G. H. Hardy (1877-1947) and E. C. Titchmarsh
(1899-1963) during their respective lifetimes. When studying continuous fractions, T. J. Stieltjes
(1856-1894), a Dutch mathematician, developed the Stieltjes transform, which he named after
himself. There are several situations in mathematics, science, and engineering where the Hilbert
and Stieltjes transformations are used. The former is used in the solution of problems in fluid
mechanics, signal processing, and electronics, while the latter is encountered in the solution of

integral equations and moment equations.
1.4 BASIC CONCEPTS AND DEFINITIONS

The integral transform of a function f(x) defined in a < x < b is denoted by I {f(x)} = F(k), and
defined by

14
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F ey =Flk)= j Kiz. k) f(z)dx,

il

Where K(x, k), a function of two variables x and k, is termed the kernel of the transform. The
operator | is commonly termed an integral transform operator or simply an integral transformation.
The transform function F(k) is typically referred to as the image of the provided object function

f(x), and k is termed the transform variable.

Similarly, the integral transform of a function of several variables is defined by

F{f(x)}=F(k)= / Kix g)f(x)de,
5

Where x = (x1, x2,....xn), k= (k1, k2,....kn), and S € Rn

Through the use of the features of Banach spaces, it is possible to create a mathematical theory of
transformations of this sort. Although such a software would be of tremendous interest from a
mathematical standpoint, it may not be effective in practical applications due to its limitations. The
purpose of this chapter is to investigate integral transforms as operational techniques, with a
particular focus on their applications. When applied to a function f(x), the integral transform
operator produces another function f(x). The concept of the integral transform operator is similar

to that of the well-known linear differential operator, D d dx.

(x), that is,
Dfiz)= Fiz).
Usually, f

When applying the linear transformation D, (X) is referred to as the derivative or the image of f(x).
There are a variety of notable integral transforms, including the Fourier, Laplace, Hankel, and
Mellin transforms, which are all examples. They are defined by selecting alternative kernels K(x,
k) as well as different values for the parameters a and b involved in the equation (1.4.1). Because

it meets the property of linearity, it is obvious that I is a linear operator.

15
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[
S {nfl.e'.] + .‘.l'r.ll:.i":-} = /.{-'}fl.e'.] + .‘.l'r.u:.f':l}h-[J Lk )dr

= ;r Fiflz)r+ 0.7 {g(zx)}.

Where a and P are arbitrary constants. In order to obtain f(x) from a given F(k) = I {f(x)}, we

introduce the inverse operator I —1 such that

FUF(E)} = f(z).

Accordingly ¥ '# ="' =1 which is the identity operator It can be proved that ¥ ' is also

a linear operator as follows

FHaFk)+3Gk)} =5 {aFflz)+8 Fg(x)}
= F U Fla fixr) + 3 g(x)])
= flx)+ 3glr)
=n FHFE} + 8757 {G(E)).

It can also be proved that the integral transform is unique. In other words if

A} = glal} then flr) =g(r) ynger suitable conditions This is known as the unigueness

theorem.

For the purpose of completing this part, we will discuss the fundamental scope and applications of
integral transformation from a broad perspective. The discussion above demonstrates that an
integral transformation is simply a mathematical operation in which a real or complex-valued
function F is transformed into another new function F =1 f or into a set of data that can be measured
(or observed) experimentally, as a result of which an integral transformation is defined. As a result,
the integral transform is significant because it converts a tough mathematical issue into a relatively
simple problem that can be readily addressed. Initial-boundary value issues involving differential
equations are studied using algebraic operations using F, which are significantly simpler than

differential operators and can be solved much more quickly than differential equations.

The inverse transformation is then used to derive the answer to the original issue in the variables

that were used in the original problem. In this case, the next fundamental issue is the calculation

16
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of the inverse integral transform, either precisely or approximated by the previous problem.
Moreover, to make use of the integral transform technique effectively, the function f must first be
reconstructed from | f = F. This is a challenging step to do in reality, as is shown in the following
example. However, there are other approaches that may be used to overcome this challenge. In
applications, it is often the case that the transform function F itself has some physical significance
and must be examined as a separate entity. Examples include electrical engineering challenges in
which the original function f (t) represents a signal that is a function of time t and is represented
by the original function f (t). In signal theory, the Fourier transform f (t) of a signal f (t) is used to
describe the frequency spectrum of the signal f (t), and it is physically useful as a temporal
representation of the signal. In fact, it is often more vital to work with f than it is to work with f.
The inverse Fourier transform, on the other hand, may be used to reconstruct the original signal f

(t) given the frequency spectrum, f (t).

17
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CHAPTER 2

FOURIER TRANSFORMS AND THEIR APPLICATIONS

“The profound study of nature is the most fertile source of mathematical discoveries.”

“The theory of Fourier series and integrals has always had major difficulties and necessitated a
large mathematical apparatus in dealing with questions of convergence. It engendered the
development of methods of summation, although these did not lead to a completely satisfactory
solution of the problem. ... For the Fourier transform, the introduction of distributions (hence, the
space S) is inevitable either in an explicit or hidden form. ... As a result one may obtain all that is

desired from the point of view of the continuity and inversion of the Fourier transform.”
2.1 INTRODUCTION

When the Fourier transform, the Fourier cosine transform, or the Fourier sine transform are used
in conjunction with other linear boundary value and initial value problems in applied mathematics,
mathematical physics, and engineering science, many linear boundary value and initial value
problems can be effectively solved. The following are some of the reasons why these
transformations are very beneficial for solving differential or integral problems. The first step is to
replace these equations with simple algebraic equations that will allow us to discover the solution

of the transform function.

After that, by inverting the transform solution, the solution of the supplied equation is found in the
original variables of the equation. Second, the Fourier transform of the elementary source term is
utilized to determine the fundamental solution, which serves as an illustration of the fundamental
concepts underlying the development and execution of Green's functions and their applications. In
addition, when the transform solution is paired with the convolution theorem, it is possible to get
an elegant formulation of the solution for both the boundary value and the starting value issues.
The formal derivation of the Fourier integral for mulas serves as the starting point for this chapter.
Using these principles, the Fourier, Fourier cosine, and Fourier sine transforms are defined and
employed in many applications. This is followed by a full examination of the fundamental
operational features of these transforms, which includes several examples and illustrations.
Convolution and its fundamental features are discussed in detail. Sections 2.10 and 2.11 are
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concerned with the application of the Fourier transform to the solution of ordinary differential
equations and integral equations, respectively. Section 2.10: In Section 2.12, the Fourier transform
technique is used to solve a broad range of partial differential equations, and the results are
presented. With very minor modifications, the approach presented in this and subsequent parts
may be used with little or no change to a variety of various types of starting and boundary value
issues that are found in applications. After introducing the Fourier cosine and sine transforms in
Section 2.13, Sections 2.14 and 2.15 go into further detail on the characteristics and applications
of these transforms, respectively. Fourier transforms are used to evaluate definite integrals, which
is followed by the assessment of definite integrals. Section 2.17 is dedicated to the use of Fourier
transformations in the field of mathematical statistics and probability. Section 2.18 discusses the

numerous Fourier transforms and the applications of these transformations.
2.2 THE FOURIER INTEGRAL FORMULAS
A function f(x) is said to satisfy Dirichlet’s conditions in the interval —a <x <a, if

(1 F(x) has only a finite number of finite discontinuities in —a<x< a and has no infinite

discontinuities.
(i) F(x) has only a finite number of maxima and minima in —a<x<a.

From the theory of Fourier series we know that if f(x) satisfies the Dirichlet conditions in a<x<a,

it can be represented as the complex Fourier series

i

Flx)= E it explinTr/a), (2.2.1)

T=—10C

Where the coefficients are

b
i
:

=2

I == Fi)exp(—inmf fa)dE.
2a
]

This representation is evidently periodic of period 2a in the interval. However, the right-hand side
of (2.2.1) cannot represent f(x) outside the interval —a < x<a unless f(x) is periodic of period 2a.
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Thus problems on finite intervals lead to Fourier series, and problems on the whole line —oo <x<
o lead to the Fourier integrals. We now attempt to find an integral representation of a nonperiodic
function f(x) in (—oo, ©) by letting a — . As the interval grows (a — o) the values kn = nm a
become closer together and form a dense set. If we write dkn = (kn+1 — kn) = m a and substitute

coefficients an into (2.2.1), we obtain

(dk,) [[ﬂ{h-x;:!—a&ﬁ',.n.’&] explizk, ). (2.2.3)

In the limit as a — oo, kn becomes a continuous variable k and dkn becomes dk. Consequently, the

sum can be replaced by the integral in the limit and (2.2.3) reduces to the result

1 ' - :
fr.r-l—; [ [f fl!ilr"““r!{] e =k

This is referred to as the Fourier integral formula, which is well-known. (2.2.4) is accurate and

| B
| 3]
=

valid for functions that are piecewise continuously differentiable in every finite interval and are
absolutely integrable on the whole real line, despite the fact that the reasons presented above do
not provide an exhaustive proof. When a function f(x) is absolutely integrable on (x, y), it is said

to be absolutely integrable on (X, y).

%]
[E)
tn

/I Flx)dr < ac
Exists It can be shown that the formula (2.2.4) is valid under more general conditions. The result
is contained in the following theorem:

THEOREM 2.2.1 (The Fourier Integral Theorem)

If f(x) satisfies Dirichlet’s conditions in (—oo, ), and is absolutely integrable on (—, ), then the
Fourier integral (2.2.4) converges to the function 1 2 [f(x + 0) + f(x — 0)] at a finite discontinuity

at x. In other words,
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. N E . N I A .
sHE+0)+ f(z—0)] =5 ] ™ [/ flE)e '“n’&] dk. {(2.2.6)

-

This is usually called the Fourier integral theorem.

If the function f(X) is continuous at point X, then f(x + 0) = f(x — 0) = f(x), then (2.2.6) reduces to
(2.2.4).

The Fourier integral theorem was first presented in Fourier's classic book entitled La The'orie
Analytique da la Chaleur (1822), and its profound relevance was acknowledged by both
mathematicians and mathematical physicists at the time of its publication. It is true that this
theorem is one of the most monumental conclusions of contemporary mathematical analysis, and
that it has several physical and practical applications as well. Using trigonometric functions, we
may describe the exponential component exp[ik(x )] in (2.2.4) in terms of even and odd natures of
the cosine and sine functions, respectively, as functions of k. As a result, (2.2.4) can be expressed

as

1
JHx)=— [r.f.f. f flE)cos k(e — EdE.

ih

[
[15]
-1

There are many variations on the Fourier integral formula. This is one of them. f(X) disappears
relatively quickly as |x| in many physical situations, ensuring the presence of the repeated integrals
as they are written in the previous sentence. We will now assume that f(x) is an even function and

will extend the cosine function in (2.2.7) to achieve the following result:

o0 o

9 ;
flx)=fl—-xi=— ’i cos ke dk / fl€) cos kE dE.

b3
i
;

o

This is called the Fourier cosine integral formula. Similarly, for an odd function f(x), we obtain
the Fourier sine integral formula

P =
flz)=—fl—z]=—= / sin ke dk [f.::mu k£ dE. (2.2.9)
h- '|:.
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These integral formulas were discovered independently by Cauchy in his work on the propagation
of waves on the surface of water.

2.3 DEFINITION OF THE FOURIER INTEGRAL AND EXAMPLES

We use the Fourier integral formula (2.2.4) to give a formal definition of the Fourier transform.

DEFINITION 2.3.1 The Fourier transform of f(x) is denoted by F{f(X)} = F(k), k € R, and defined
by the integral

F{flx)}=F(k)= ,312—_ / e "= f(z)dz, (2.3.1)
In this case, F is referred to as the Fourier transform operator or the Fourier transformation, and
the factor 1 2 is derived by dividing the factor 1 2 involved in the Fourier transformation (2.2.4).
This is referred to as the complex Fourier transform in certain circles. When f(x) is absolutely
integrable on (X, y), it is sufficient for f(x) to be represented by a Fourier transform. The
convergence of the integral (2.3.1) arises immediately from the fact that f(x) is absolutely
integrable, as shown in the previous section. In actuality, the integral converges evenly with respect
to k when k is increased. Physically, the Fourier transform F(k) may be thought of as a
superposition of an unlimited number of sinusoidal oscillations with distinct wavenumbers k (or

different wavelengths k = 2Kk) that are integrated together.

This means that only completely integrable functions are allowed to be included in the formulation
of the Fourier transform. A lot of physical applications will be unable to operate under this
constraint. However, despite the fact that many basic and popular functions such as the constant
function, the trigonometric functions sin and cos axe, the exponential function, and the constant
function are regularly encountered in applications, they do not have Fourier transforms. When f(x)
is one of the basic functions listed above, the integral in (2.3.1) does not converge properly. This
is a highly problematic characteristic in the theory of Fourier transforms, and it ought to be
addressed. This unpleasant aspect, on the other hand, may be overcome by using a natural
extension of the definition of the Fourier transform of a generalised function, f(x), in the context
of a generalised function (2.3.1). Following in the footsteps of Lighthill (1958) and Jones (1982),
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we will briefly review the theory of the Fourier transforms of good functions in this section. The
inverse Fourier transform, indicated by the symbol F1F(k) = f(x), is described by the following

equation:

1

!B

LY,

FUF(k)} = f{z)= e Flk) dk, (2.3.2)

By

In the case of F1, which is referred to as the inverse Fourier transform operator, it should be noted
that both F and F1 are linear integral operators. In applied mathematics, the variable x is often
represented by a space variable, and the variable k(= 2) is typically represented by a wave number
variable, where k is the wavelength. In electrical engineering, on the other hand, x is replaced by
the time variable t, and k is replaced by the frequency variable (= 2v), where v is the frequency in
cycles per second and t is the time variable. The function F(t) = Ff(t) is referred to as the spectrum
of the time signal function f (time signal function f) (t). The Fourier transform pairs are defined

somewhat differently in electrical engineering literature than they are in mathematics.

F{f(t)}=Flv)= f flt)e " dt. (2.3.3)
And

3 : : Foriard I e GRS p
;r"-:.‘ur:-}—fm— [I-Uz:-c""“r.l'ir—l}—_ / Fileye™ dw, (2.3.4)

The angular frequency is defined as v = 2v where v = 2v is the value of v. As a result of the Fourier
integral formula, every function of time f(t) that has a Fourier transform may be defined equally
well by its spectrum, according to the formula. When viewed in terms of its physical
representation, the signal f(t) may be thought of as an integral superposition of an unlimited
number of sinusoidal oscillations with varying frequencies and complex amplitudes 1 2 F(t) (see
Figure 1). The spectral resolution of the signal f(t) is denoted by the equation (2.3.4), while the
spectral density is denoted by the equation (2.3.4). The Fourier transform is a mathematical
transformation that transfers a function (or signal) of time t to a function of frequency f. It works

in the same way that a periodic function decomposes into harmonic components when using the
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Fourier series expansion; similarly, the Fourier transform generates a function (or signal) of a
continuous variable whose value corresponds to the frequency content of the original signal when
using the Fourier transform. As a result, the Fourier transform has been successfully used to the
analysis of the shape of time-varying signals in electrical engineering and seismology, among other
fields.

Next we give examples of Fourier transforms.

[ 22e—°% dx.

Example 2.3.1 Find the Fourier transform of exp(—ax2). Then find =

In fact, we prove

.. 1 k=2
F(k)= Flexp(—ar" )} = ——exp (——) . a=0. (2.3.5)
v 2a da '

Here we have, by definition,

ran

g Her—ac g,

( ik )" 1
xpl—al|lr+—] ——] dr
BX] i xr 2 ia I

-~

F(k) =

5

L

Py

A ..
o=

L o
| 2]
=

l : — L F

W &l

— o

In this case, the modification of the variable y = x + ik 2a is provided as an example. Despite the
fact that the preceding conclusion is true, the change in variable may be justified using the complex

analysis approach since (ik/2a) is a complex number. If a =1 and 2 then

(2.3.6)
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This shows F{f(xX)} = f(k). Such a function is said to be self-reciprocal under the Fourier

transformation. Graphs of f(x) = exp(—ax2) and its Fourier transform is shown in Figure 2.1 for a

=1

Alternatively, (2.3.5) can be proved as follows:

Which is, integrating by parts

FJ“;I:I = I._ { [r —rL.r"—.lF::] [ / (ik)e —axt—ikx r.fi'}
2ar 2 —oc ]

— D0

I
= —==Fk].
2 L%)

The solution for F(k) is F(k) = A(k)e— k2 4a so that

oo

1 2 1 fr 1
Al = Fl) = =—— [ e dr = Flee — o
! vVaw . Pl ‘l," i) v 2a

— G

i R
Thus, F(k) = 7= ™

Using (2.3.5), we prove that

1= [ e =y
5" =y

It follows from (2.3.5) that

SEl

a =

/ e~z gy — \fox F(k) = v-'ir —&,
: i
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This is true for all k, and hence, putting k = 0 we obtain the desired result. Differentiating once

under the integral sign with respect to a gives

o
: 3 1
2 —ar
re dr = —y | —=—4/—.
[ 2 1|, (i 2a 11," il
&

Differentiating the integral I, n times with respect to a, yields

o
i —ar? . L3S (In-1) [ @
[J : rJ'_r Erl 1.: ”2'.'—1
—
135 02nm—-1) /=
(Za)" Va
AE
Bl
ful T . [
4 -2 [ 2 = bl

Figure 2.1 Graphs of f(x) = exp(—ax2) and F(k) with a=1.
Example 2.3.2 Find the Fourier transform of exp(—alx|), i.e.,
&
(2.3.7)

FE{exp(—alz|)} = 15 . ﬁ a=0.

Here we can write
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=3 o
5 ! —latiklx g (n—iklz ;.
E ![ E ar + [ £ I;I'J]
e j2_ a
a+ik  a—ik 1‘-'I mia? + k%)

We note that f(x) = exp(—a|x|) decreases rapidly at infinity, it is not differentiable at x = 0. Graphs
of f(x) = exp(—alx|) and its Fourier transform is displayed in Figure 2.2 for a = 1.

Example 2.3.3 Find the Fourier transform of

Where H(x) is the Heaviside unit step function defined by

1, ==>0
ol "
Hix) {H. T e:_'i:l}' (2.3.8)

Figure 2.2 Graphs of f(x) = exp(—alx|) and F(k) with a= 1.

Or, more generally,

0 zrz<a

Hiz —a)= {1' 1""“’”}. (2.3.9)
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Where a is a fixed real number. So the Heaviside function H(x — a) has a finite discontinuity at x

=a.

(1) €

| i 2 .
Fl{flx)} = == /r:_“"'" (1 l )r.l'_r = [ (l - '2—:] cos kxdr
van, lid \,-""-"" ; i

1
2 1 (sinakzr
= \s’%_[“ — r)coslakr)dr = \,’_"' (1 —_r‘:urlr (q":};r I) dr
i
" kx
1 1 [ G ]
2a sin{akz) i 4 |* ( 2 )
= — dx — | dr
W r ak W J dr (uﬁ )-

w ()

ik
i 2
= —_—— (2.3.10)
2% (ﬂ.’\‘)_

Example 2.3.4 Find the Fourier transform of the characteristic function y[—a.,a](x), where

I-\JI

. 1. |z|<a
I ) = — el = 2.3
Y—aalz)=Hz — |z]) {”_ 'J‘l:}ﬁ'}- (2.3.11)

We have

l o0
Folk)=F{xj_aaqlz)} = —_ f T Ni—aai(e) dz

1 i 3 (.-:iurd.: )
== T = - — . (2.3.13)
\__.JEJ{' TEVTTE J ' '

—il

Graphs of f(x) =y[—a,a](x) and its Fourier transform are shown in Figure 2.3 for a = 1.
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Xoaflx)

Figure 2.3 Graphs of y[—a,a](x) and Fa(k) with a = 1.
2.4 FOURIER TRANSFORMS OF GENERALIZED FUNCTIONS

f(x) in (2.3.1) may be treated as a generalised function, which is the most logical method to
describe the Fourier transform of a generalised functional form. As a result, every generalised
function has a Fourier transform and an inverse Fourier transform, and the ordinary functions
whose Fourier transforms are of relevance constitute a subset of the generalised functions, which
is an advantage. The introduction to the topic of generalised functions is provided by the well-
known works by Lighthill (1958) and Jones (1982), which are not discussed in great length here.
G(x) is an excellent function in C(R) if and only if g(x) and all of its derivatives decay to zero
faster than |x| N as |x| for all N > 0. A good function is one that decays sufficiently quickly that

g(x) and all of its derivatives decay to zero faster than |x| N as [x| for all N > 0.

DEFINITION 2.4.1 Suppose a real or complex valued function g(x) is defined for all x € R and is
infinitely differentiable everywhere, and suppose that each derivative tends to zero as |x|—o faster
that any positive power of % x—1& , or in other words, suppose that for each positive integer N

and n,

lim =" g "y =1,

I|—*30

Then g(x) is called a good function.
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S is often used to indicate the class of excellent functions in a mathematical context. It is crucial
that the good functions are used in Fourier analysis since they allow for simplified variants of the
inversion, convolution and differentiation theorems as well as many others to be proved without
encountering the issue of convergence. As a result of the quick decay and infinite differentiability
qualities of good functions, it is also possible to have a good function that is the Fourier transform
of another good function. Good functions are also significant in the theory of generalised functions,
where they play a vital role. A good function with limited support is a sort of good function that is
distinct from other types of good functions and has an essential role to play in the theory of
generalised functions. In addition, good functions possess the following critical characteristics. A
good function is formed by taking the sum (or difference) of two excellent functions. Two excellent
functions are combined to form a product and a convolution of two good functions. Whenever a
good function exists, its derivative is also a good function; hence, for any non-negative integers n,
g(x) is a good function for which g(x) is a good function. For any p in 1 p p, a good function
belongs to Lp (a class of pth power Lebesgue integrable functions) and is thus a good function.
The integral of a good function does not imply that the function is excellent. On the other hand, if

(x) is a good function, then the function g defined for every x by (x) is also a good function.

B

iz = ] aft) dt
o —noo

is a good function if and only if -~ r"’”:'dt exists.

Good functions are not only continuous, but are also uniformly continuous in R and absolutely
continuous in R. However, a good function cannot be necessarily represented by a Taylor series

expansion in every interval. As an example, consider a good function of bounded support

(z) = exp[—(1—=z%) 71, if - ]l
i 0, if Jg[21]"

The function g is infinitely differentiable at x = £1, as it must be in order to be good. It does not
have a Taylor series expansion in every interval, because a Taylor expansion based on the various

derivatives of g for any point having |x| > 1 would lead to zero value for all x.
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For example, exp(—x2), x exp(—x2), % 1 +x2&—1 exp(—x2), and sech2x are good functions, while
exp(—|x|) is not differentiable at x = 0, and the function % 1 + x2&—1 is not a good function as it
decays too slowly as [x|—o. A sequence of good functions, {fn(x)} is called regular if, for any

good function g(x),

.['lm [ falz) glzx)de (2.4.1)

A—oC =

Exists For example, fn(x) = 1 n @(x) is a regular sequence for any good function @(x), if

roc o
Lim f falz)glz)dr= lim =— dlx)gie)de =10.
11— o0 n—+a30 N

of — a0 o — g

Two regular sequences of good functions are identical if and only if the limit (2.4.1) exists for each
good function g(x) and is the same for both sequences of good functions. In mathematics, a
generalised function, denoted by f(x), is a regular sequence of good functions, and two generalised
functions are equal if their defining sequences are same. As a result, generalised functions are only

defined in terms of their effect on the integrals of good functions if and only if

n = g
(f. q) = [ flz)glz)dz= lim / alz)glz)de= lim {f,, g) (24.2)
of — 0 —

n—+o0 L —+0c

when you have any excellent function, such as g(x), and you use the symbol f, g, you are denoting
the interaction between f(x) and the good function g(x), or the symbol f, g is used to symbolise the
number that is associated with f when you have any good function. For example, if f(x) is an
ordinary function with the property that percent 1+x2&N f(x) is integrable in (, ) for some N, the
generalised function f(x) equivalent to the ordinary function is defined as any sequence of good

functions fn(x) such that, for any good function g, percent 1 + x2&N f(x) is integrable in (x),

lim / Falz) glz) de = / flx) glx) de (2.4.3)

i—+ o
=

For example, the generalized function equivalent to zero can be represented by either of the

sequences
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(42} wa {22},

The unit function, 1(x), is defined by

}r Iz)glx)dr = [ glx) da (2.4.4)

— a0 v —

For any good function g(x). A very important and useful good function that defines the unit

o qep(-5) . . . . o
function is { R ( ki )} Thus, the unit function is the generalized function that is equivalent to

the ordinary function f(x) = 1.

The Heaviside function, H(x), is defined by

N 0
[ Hiz)glz)dr = / gir) dx. (2.4.5)
4 —oo Jo

The generalized function H(x) is equivalent to the ordinary unit function

0, =<0
%y WA iy 2 =
Ae) { 1. x=0 b

It is not necessary to consider the value of H(x) at x = 0 in this context since generalised functions
are defined by the action on integrals of good functions in this context. The sign function, denoted
by the symbol sgn(x), is defined as

W]

0 = .
j sgnix) glx)dx = [ glz)dr — / glx)dr (2.4.7)
— e 40 o —me

For any good function g(x). Thus, sgn(x) can be identified with the ordinary function

- ol
sm(x) = {_t j l:- (2.4.8)

In fact, sgn(x) = 2 H(x) — I(x) can be seen as follows:
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"N = O )
[ sen(x) glxjdx = j '2 Hiz) —1(x)] glz)dz
o —o0 —20
=

=2 [ Hixr) Gl ) dx — / Iz)glx)dr

of — o —

. m T
=3 ,I gl da —/ qlx)dzx
o 1 w —
o 1]
= [ glx)dr — / plr)dr
i o — D

In 1926, Dirac ntroduced the delta function, 6(x), having the following properties

=

dlz) =1}, r#10,
(2.4.9)
s !

[ drlde = 1.

— a0

The Dirac delta function, d(x) is defined so that for any good function ¢(x),

= =
[ a{x) dlx) dr = o{0).
- =

There is no regular function that can be used to replace the delta function in this case. There are
no regular functions in classical mathematics that can satisfy the requirements of property (2.4.9).
The delta function is not a function in the classical sense, such as an ordinary function f(x), and
(x) is not the value of at the given point in time. The function may, however, be viewed as a
function in the generalised sense, and in fact, it is referred to as a generalised function or a
generalised distribution. In current mathematics, the notion of the delta function is straightforward
and straightforward. It is very valuable in the fields of physics and engineering. Physically, the
delta function represents a point mass, which is a particle of unit mass that is positioned at the
origin of the function. In this context, it is referred to as a mass-density function (or a mass-density
function). This leads to the conclusion for a point particle, which may be thought of as the limit of
a succession of continuous distributions that grow more and more concentrated as the particle gets
closer to the limit. The fact that x is not a function in the classical sense does not preclude the use
of a series of conventional functions to approximate it. Consider the following series of functions

as an illustration:
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|

IrII Ea 1Y -
d.lz)= Ill,-': — exp(—nrT). n= | B 25 P (2.4.101)

Clearly, 6n(x) — 0 as n — o for any x = 0 and on(0) — o as n — o as shown in Figure 2.4. Also,
foralln=1, 2, 3,..,

L
[ dy(r)dr =1
.-.\'_

And

]ilu_ [u'ﬁ,;i.r:-xh = [a:ii.;':-{h'—]

As was to be anticipated As a result, the delta function may be thought of as the limit of a series
of regular functions, and we can express it as follows:

d{x)= lim .-'I?—_Ifrxpl'—u.r"':-_ (2.4.11)

n—+a20 Y 0

Sometimes, the delta function d(x) is defined by its fundamental property

I Hzx)d(x —a)dr= fla), (2.4.12)
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n=4
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o o ¢
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Figure 2.4 the sequence of delta functions, dn(x).

Where f(x) is continuous in any interval containing the point x = a. Clearly,

/ Fla)iz —a)dr= fla) / d{x —a)dr= fla). (2.4.13)

Thus, (2.4.12) and (2.4.13) lead to the result
flx)b(x — a) = fla)d(z — a). (2.4.14)
The following results are also true

rd(r) =10 (2.4.15)
Mo —a)l= ﬂ:l;ﬂ: — ). |2.-1.11"j_:|

Result (2.4.16) shows that 3(x) is an even function. Clearly, the result

o 1, z>0 .
[ﬂwhm— 6 = H{zx)

— DB
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Shows that

il
— Hir)=d{z). (2.4.17)
dx

The Fourier transform of the Dirac delta function is

o R 1 .
Flbz)}=— / e h(z) de = —. (2.4.18)
’ Va2, v 2
Hence
o 1 1 F
§r)y=F"1 {—_} = — / % dle, (2.4.19)
VAT I,

This is an integral form of the delta function, which is a mathematical function that is widely

utilised in quantum mechanics. As an alternative, the number (2.4.19) may be expressed as

e 1
G k) = = " dr. (2.4.20)

.-'L"""--.y:

The Dirac delta function, d(x) is defined so that for any good function g(x),
(4, g = [1 dlr) glz)de=g(0). (2.4.21)

Derivatives of generalized functions are defined by the derivatives of any equivalent sequences of
good functions. We can integrate by parts using any member of the sequences and assuming g(x)

vanishes at infinity. We can obtain this definition as follows:

{(f.g) = [ fi{z)glz)dr

= [flz)g(z)] ™. - [ flz)g'lx)de=—{f. 4").
The derivative of a generalized function f is the generalized function f defined by
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(f, gy == {f, ¢ (2.4.22)

g is a good function for every good function The differential calculus of generalised functions may
be created quickly and readily using locally integrable functions as the starting point. A generalised
function (or distribution) defined by corresponds to every locally integrable function (or
distribution) defined by

if, &) = / Flx)olz) de (2.4.23)

Where ¢ is a test function in R — C with bounded support (¢ is infinitely differentiable with its

derivatives of all orders exist and are continuous).

The derivative of a generalized function f is the generalized function fdefined by
(f's @) = —(f, &) (2.4.24)

for all test functions . This definition follows from the fact that

(f. @) = / ') dx) da

= .Fug Bl .r"I-! f\_ - j Flx) r.'-JI:J'I dr=— JI' L."":.-
This result was derived by the process of integration by parts and the fact that disappears at infinity.
It is simple to verify that H is correct.

(x) = 8(x), for

{H' o) = / H{x)a(z)dr=— [ H{r) &' () dx

of —pno o —o
m 0

= — / |...I"I|'J'] idr = — -t'J{..l']::: =alll) = {4, @) .
(h}
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Another result is
@, o) =— [ $z) ') dr = —a" (D).

It is easy to verify

flx)alz) = f(0)d(x).

We next define |x| = x sgn(x) and calculate its derivative as follows. We have

||II 1 i { ; '|} ||II { / :|!. . I :Ill.x
—|r|=— {rsgn{x)} =2 — {san({x)} + sgn(x) —
dr’ ! d (753 = dx
d .
=1 = {2 H(x)—I{r)} + szn(x)
dr o
= 2rd{z) + sgnix) = sgn(x) (2.4.25)

Which is, by sgn(x) =2 H(x) — I(x) and x 6(x) = 0.
Similarly, we can show that
d _ oy erpy o 4o
T {=gn(x)} =2H (z) = 24(x). (2.4.26)
Assuming that we can demonstrate that (2.3.1) holds for good functions, we may conclude that it
holds for generalised functions as well.

THEOREM 2.4.1 The Fourier transform of a good function is a good function.

PROOF The Fourier transform of a good function f(x) exists and is given by

Fflxl}=Flkj=—

/ e fir)dr. (2.4.27)
W — oo

[’

fat

5

Differentiating F(k) n times and integrating N times by parts, we get
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|f:|-'l".i.~5|cr (1)~ 1 /M ik 4 {(—iz)" flz)} d=x
I = = i ) dr™ i

1 1 =
.ﬁ'!"' \..-"E o —ac

Evidently, all derivatives tend to zero as fast as |k| —N as |kj—oo for any N > 0 and hence, F(k) is

g™

dz¥

[

fl.e'" £ J']}'- dx.

a good function.
THEOREM 2.4.2 If f(X) is a good function with the Fourier transform (2.4.27), then the inverse
Fourier transform is given by

flr)= —= / e Bk die. (2.4.28)

PROOF For any > 0, we have

— = F J- e Lo £ o n
F {r"” }"I—J'I}—: / grike—ex {/ e f[.f]rl'.f} dr.

o =G

Since f is a good function, the order of integration can be interchanged to obtain

" % 1 i [ 1k a
o {r“-‘ F[—_r]}—r Jr“.]r”[ p—itk—tiz—ex® g,

S o _ap

Which is, by similar calculation used in Example 2.3.1?

! [“ (k—1)*]
- exp | ————| fit)dt.
7= [ e B4

Using the fact that

1 i (k—1)2]
— exp | — | df =1,
vidmwe -/;:«-_ ! [ 4 |

We can write
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.F{F‘”JFI—J']} — flk).1

1 = E—1t7]
- _j !Iff.z']—j-;.f.']]ux]'.l[—l: ] jr.’f. (2.4.29)
vdme S e

Since f is a good function, we have

&) — f(k
% < max x|

It follows from (2.4.29) that

|# {p-'f"':-'(—i-a} — f(K)|

oo ”. = }-.'.:IE
€ ——max | f'(z)| [t — k| exp ——\‘ dt
Jine 2e8 $ e |
1 / = —a®
= ——=max | f {x)| de || & dex —+ ()
WaTe xR y —

== m—
as — 0, where a e

1 i i
fik) = . F{Fi—z)}= f I-'_'“FI'—J'_:HIJ‘
Y07 i S

1 = thkx oy )
_\ﬂ__—/:xf Fix) da

l a0 oo
== / ek [ gt FE)dE.

This simplifies to the Fourier integral formula (2.2.4) when the variable k is replaced with the

variable x, and the theorem is proven.

Example 2.4.1 The Fourier transform of a constant function c is

F e} = V2r.ed(k). (2.4.30)

In the ordinary sense
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Is not a well defined (divergent) integral However, treated as a generalized function, ¢ = ¢ 1(x) and

we consider U a5 an equivalent sequence to the unit function, 1(x). Thus,

a2

_ o2 F: = ' e
F L cexp (—— = —_ exXp (—.'ﬁ.u — —) il
dn V2T S 4n

Which is, by Example 2.3.1,

e a3 F ] [EL a
=cv 2n expl—nkT) = v _*:.:'.1[.,- — exp{—nk”)
[ -7

o

= vV2r.cd, (k) =v2r.cdlk) as n— oo,

Since {8a(k)}={y/Fexp(-nk?)} s a sequence equivalent to the delta function defined by (2.4.10).

Example 2.4.2 Show that

; S 1
FleTH(r)} =————, az= (2.4.31)
W 2mlik +al

We have, by definition,

1

\.-'J'E_-TI: ik +a) ;

" ! of :
Fle ™ H(z)} = —== / exp{ —z(ik +a)bdr =
V2T,
i

Example 2.4.3 By considering the function (see Figure 2.5)

Figure out what is the Fourier transform of sgn (x). As seen in Figure 2.5, the vertical axis (y-axis)

represents the function fa(x), while the horizontal axis represents the x-axis.

We have, by definition,
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P = =

L
V2n

expiie — ik)r}dr

B —

+—= [ exp{—(a+ik)x}da

WAT

I-JI| =
- -,.____‘1 u

! 1] 2 (—ik)
T |la+ik a— ik 11;" m oaf+ kT

|-

L]

1.:'

In the limit as a — 0, fa(x) — sgn(x) and then

Flsgn(x)} = I'l,-'ll g
= 1 7
.-}"{ I,-'?rn'gnlx:- =

Figure 2.5 Graph of the function fa(x).
Example 2.4.4 (Fourier Integral Theorem)

Using the delta function representation (2.4.12) of a continuous function f(x), we give a short proof
of the Fourier integral theorem (2.2.4). We have, by (2.4.12) and (2.4.19),
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flx) = f HE)d(x —&§)dE

1 T T o ¢ ak{rz—£]
- }—‘_ [:-"" { [ r-'*{ﬁ:m{}rﬂ-. (2.4.33)

2.5 BASIC PROPERTIES OF FOURIER TRANSFORMS

THEOREM 2.5.1 If F{f(x)} = F(K), then

(a) (Shifting) Flflz— a)}=e"""F(k), (2.5.1)
(b) (Scaling) F{flaz +b)} = lr—ilf'f—i“ﬂ;}. a0 (2.5.2)
(¢) [Conjugate) Fl{fl—=x)y=F{flx)}. (2.5.3)
{d) (Translation) Fle= )= Flk — a), (2.5.4)
(e) (Duality) F{F(x)} = fl-k), (2.5.5)
(f) (Composition) [ F(kygl ke dk = [ FEVGE — z)dE, (2.5.6)
iﬁmrc- Gk =F{glz _}:L
(z) (Modulation) Flflr)cosar}= i} [F(k—a)+ F{k+ a)]

1
F{flz)sinar}= 2—_[:’-’[&‘ —a)— F(k+a)].
I

PROOF (a) We obtain, from the definition

o0

1
Flflr—a)} = — ez —a)ix
1.,-'27
= L [ g~ klE+a) fig)de (r—a=E)

= e FLF(x)).

The proofs of results (b)—(d) follow easily from the definition of the Fourier transform. We give a

proof of the duality (e) and composition (f). We have, by definition,
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e Fk\dk = F Y F(k)}.

flz)=
x-'E

r‘-L""""-;_;-'

Interchanging x and k, and then replacing k by —k, we obtain

e~ ks P ryde = F{F(r)}.

f(—k)=

L4
o] i
B —

To prove (f), we have

I i . |
/Flf::'_r,.'l_i.']a"""r.l'.ﬂ.'— [_f,ll_ﬂ‘]r”"r-fﬁ.' = [-:_'J““_,I"[Ejr.!'t
. H LV |
. 1 i T
= _Ir':-f,_lfjﬁ — gL HIA.:”_!L.
3 2,
= [I({]G{f—.e']rf{.

In particular, when x =0, (2.5.6) reduces to

.

[I-"iﬁ"lln,.'lk]rﬁ.'— /flﬁjf:‘[{_]r.l’f.

— o

This is known as the composition rule which can readily be proved.

THEOREM 2.5.2 If f(x) is piecewise continuously differentiable and absolutely integrable, then
(1) F(K) is bounded for —oo <k< oo,
(i) F(k) is continuous for —oo <k< oo.

PROOF It follows from the definition that
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£ P g
|F(k)| < — [ir‘“’“lj'[r]lri.r
V—T_. ]
1 f - ©
= (x)|dx= 5
v A ™
e= [ |[flz)lde= _ _
Where —o constant This proves result (i).

To prove (i), we have

|F(k+h) — F(k)| < —=

Tt

|e™* — 1| f ()=

By

5 T
< ’l.i- / |flz)|dz.
Since lim |=7** =1 0 for all x € R, we obtain h—0
lim [F(k+h) — Flk)| < im — / |e= = — 1| f{x)|dr = 0.
h—D ~ h—0 »..."E 3 ! o

This shows that F(K) is continuous.
THEOREM 2.5.3 (Riemann-Lebesgue Lemma).

If Fik)=.F{f(x)}, then

Jim_[F{k)|=0. (2.5.7)

PROOF Sinee ¢~ = —g—Er—iT pe have
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W e
F) =~ [ 8 f(a)a
VaET |
I / 1 (2 — ) d.
vrzx A-

Hence

F(k) = é{ j‘?_ [ [ e f(x)dr — [ e f (..r _Li) rir] }

v s et
S JC CNIC T
Therefore

. = 4k x_ ; ow )
IFlﬁ».ﬁI*;hﬁf;IuJ—f(J—E”dJ.

Thus, we obtain

1 T w
Ii (k)] = li | -} — f— = || dz =1
el LSS 2T !klﬂl:u: / 1&l=d (J .A:) ™

[k| =

THEOREM 2.5.4 If {(x) is continuously differentiable and f(x) — 0 as x|—o0, then

FLF(2)} = (ik)F{f(x)} =ik F(k). (2.5.8)

PROOF We have, by definition,

-

¢ % 1 —ikT g#r
Flfz) = o /r' B (2)dr

—o0

Which is, integrating by parts,
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1 ey —ikeyme ik
— for= j’[_] e ik T 1
T

—ikr g
e " I_.F-,.r'\.l-:'f.r

W

B

= (k) Fk).

If f(X) is continuously n-times differentiable and f(k) (x) — 0 as |[x|—o for k=1, 2....,(n — 1), then
the Fourier transform of the nth derivative is

F{F™ ()} = (ik)"F{f(x)} = (ik)"F(k). (2.5.9)
A repeated application of Theorem 2.5.4 to higher derivatives gives the result

It is possible to get operational findings for partial derivatives of a function of two or more
independent variables that are similar to those obtained in (2.58 and 2.59). When u(xt) is a function

of the variables space and time, it is said to be in the domain of u(x).

9 : i ;
F {ﬂ} — ik U (k. 1), .ﬁ'{ﬁ}——k-’{:m.n.
ix dr

| fu a7 & d s
-*”‘{W} Fa ‘;{T} TE

Where U (k, t) = F {u(x, t)}.

DEFINITION 2.5.1 The convolution of two integrable functions f(x) and g(x), denoted by (f *
9)(x), is defined by

o

(f=g)lz)= — flz— E)gl&)dE. (2.5.10)
VT,

— o

Provided the integral in (2.5.10) exists, where the factor == is a question of personal preference

This element is often overlooked in the research of convolution since it has no effect on the

characteristics of the convolution. convolution. We will include or exclude the factor 72 freely in
this book.

We give some examples of convolution.

Example 2.5.1 Find the convolution of

47



www.novateurpublication.com

(@) f(x) = cos x and g(x) = exp(—alx|), a> 0,
(b) f(x) = x[a,b](x) and g(x) =x2,

Where y[a,b](x) is the characteristic function of the interval [a, b] € R defined by

\ l, a<zr<bh
X u.h.[J (), otherwisze |~

(a) We have, by definition,

(f*g)z) = [ flz—E) glE)dE = / cos(x — £) ¢ _"'!":lff._'i
L] o
= [ cos{x — £) e"Edf + ] cos(x — &) « "‘Edﬁ

— 55 b

oo

o
—af = ) —af
= [:'f].‘i[J'-!—.f_:l e df + /i'u@-l...l' — £) e "NdE
1l 0

oo

¥ '
= 2(113:1'[(*(}{:5 e Tredf =

LH]

20 cosE

(1+a?)

Ifa =1, then f x g)(x) = f(x) so that g becomes an identity element of convolution. The question is
whether it is true for all g(x).

(b) We have
(f*gliz) = Fle—E) gl)dE= [ X[abl@ — &) glE)dE

fa b
X[ 8 (E) glz—E)dE= }[ gle—E£)dE = [ (x— £)* df

w il

|
B——y ¥

1=

=={(z L R b]:tza.

==

THEOREM 2.5.5 (Convolution Theorem).

If F{f(x)} = F(K) and F{g(x)} = G(K), then
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F{flx) = glx)} = F(k)G(k), (2.5.11)
Or
f(z) = glx) = F YF(k)G(E)}, (2.5.12)

or, equivalently,

[ flz— E)glE)dE = [ e F(R)G(k)dk. (2.5.13)

PROOF We have, by the definition of the Fourier transform,

o =

FLflx)+glx)} = o JI v [ fle —E)gl&)dE
= 1 —ikE [£3dE —1F~'I.r—€':-J|r[ ' Vel
E £ glE af £ : F— £)dx
|- T _.k.- " T . J' - P y .
= — | e g(e)ds [ e f(n)dn=GR)F(K).

Where, in this proof, the factor 7= The definition of the convolution includes all essential
interchanges of the order of integration, and all necessary interchanges of the order of integration

are valid. This brings the proof to a close.

The convolution has the following algebraic properties:

f*g=g+f (Commutative), (2.5.14)
Fxlgxh)=(f=g)+h (Associative], (2.5.15)
laf+0g)*h=a(f+«h)+8(g+h) (Distributive), (2.5.16)
f*vV2mé=f=v2ré«f (Identity). (2.5.17)

Where o and B are constants.

We give proofs of (2.5.15) and (2.5.16). If f = (g * h) exists, then
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[f*{g+h)]{z) = [ flz— &g+ h)(£)dE

.

= j Hx—£) [:ar_:—rm[r]dr elf

—oc
[ oo

= [ [ flz—E)glE— Hn’{] hit)dt

Lo

=

= / [ flz—t—m) gl r.l]rh,l] hit)dt (put £ —t=mn)

= f'li,i"s_c,u:n{.r—H]M:]:H

—DC

= [(f=g) +h] [z},

Whereas, in the preceding argument, the exchange of the order of integration may be justified with
the assumption of appropriate assumptions To demonstrate (2.5.16), we use the right-hand side of

(2.5.16), that is, we prove

o

alf+h)+3g+h)=a [f[r—:‘.-hlﬁ]ufﬁ—e-d [.r,.'[.r—f,lfalt‘,ﬁdf,

= / laflz—£)+ Balz— E) hiE)dE

—oC

= [(aef + 3g) = h] (z).

Another demonstration of the convolution's associative property is provided in the next section.
On the left-hand side of (2.5.15), we use the Fourier transform to get the result we want, and then

we employ the convolution theorem (2.5.5) to get what we want.

F{f+(g=h)} = F{f}.F {{g= )}
= F(k) [F {g} F [h}]
F(k) [G(k)H(k)]
[F{kYG(k) H{E)
Flf+g)}F{h
F{fxg)eh}.
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Applying the F—1 on both sides, we obtain
f*lg=h)=(f*g)=*h

Similarly, the convolution theorem 2.5.5 may be used to show all of the characteristics of
convolution (2.5.14-2.5.17) with relative ease. As a result of the convolution's commutative

feature (2.5.14), the expression (2.5.13) may be expressed as

/ FlE)gle —E)E = [:'*"'F-:Mt';{s;-_ﬁdk. (2.5.18)

— O

This is valid for all real x, and hence, putting x =0 gives

s

[ FlE)g(—€)de = / flz)g(—z)dr = }f F(k)G(k)dk. (2.5.19)

— —aC

We substitute 9(=)=f{—=} to obtain

Glk) =.F{glz)} —..'i’{fi—.rj} = F{f(x)} =F(k).

Evidently, (2.5.19) becomes

/fl.:'i-_f[rlr!.r— [FIE.']F-ZA“J-:H' (2.5.20)
Or
[m.f-]'-'d.r— / |F(k)Pdk. (2.5.21)

This is well known as Parseval’s relation. For square mtegrable functions f(x) and g(x), the mner

product f, gis defined by
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oo
(f. gi= / fiz) glz)dr (2.5.22)
oy

So the norm f2 is defined by

IFI2={f. fi= [fl.r';,r'[.r'lcf.r—/ flx)|?de. (2.5.23)

— O —0O

In the case of all complex-valued Lebesgue square integrable functions with the inner product
specified by (2.5.22), the function space L2(R) is a complete normed space with the norm as
defined by (2.5.22). (2.5.23). In terms of the norm, the Parseval relation has the following

representation:
I fllz= I Fllz2= ||-# fll2- (2.5.24)

This means that the Fourier transform action is unitary. Physically, the quantity f2 is a measure of

energy and F2 represents the power spectrum of f.
THEOREM 2.5.6 (General Parseval’s Relation).

If F{f()} = F(K) and F{g(x)} = G(K) then

[_ﬂ.r']y[..:']rf.r'- [f—'maf;.;:.-]fu-. (2.5.25)

— OO

PROOF We proceed formally to obtain

. . 1 e - = .
[ Fik) Gk)dk = j dk - ? / f _"I"J_Irl:.'..':' dy / e " Eg{z) dr
1 [ \ ey j tkefr—myl
= o= fly) dy glr)da € "k
= [ glx) dr [ Mx — 1) fly) dy= / flx)g(x) dr.
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In particular, when g(x) = f(x), the above result agrees with (2.5.20). Second Proof of (2.5.25).

Using the inverse Fourier transform, we have

=

1 —
flriglr) = —= = {'*Tmm?f ~EE GlE) dE

=

.
- [r'mrmg—_ [rd-h'-‘ GIE) dt.

Thus
/(',I"[.J'-]s.fl:.!".'hr)'— /Fl.ﬂ'}!fi'fri[ﬁ‘—f,]fr' £) df
= [F[.ﬂ:!lfflk]r.l’.ﬁ‘.

We now use an indirect method to obtain the Fourier transform of sgn(x), that is,

(2.5.26)

1
ik

*-|II-:L-'|

Flaenix)} = 1-‘

From (2.4.26), we find

= | I--:I

F {%ﬁﬂ.un{x]} =F{2H (2]} =2F {(z)} = V
Which is, by (2.5.8),

|I?

ik Fisgn(x)} = 1*."%

Or

Fsgu(x)} = I'l"ll
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The Fourier transform of H(x) follows from (2.4.30) and (2.5.26):

: 1
F{H|r)} = —..ﬁ"{] + sgnlx)} =

Pl | —

—[#F{1} + F{zgnix)}|

—
|

L]
= 1|' 5 ||"“1]+_A|

2.6 APPLICATIONS OF FOURIER TRANSFORMS TO ORDINARY DIFFERENTIAL
EQUATIONS

We consider the nth-order linear ordinary differential equation with constant coefficients

Lylx) = f(x).

Where L is the nth-order differential operator given by

L=a, 0"+ rr,,_lﬂ"_l + o+ D+ ag,

Where an, an—1,...,al, a0 are constants, D = d dx and f(x) is a given function. Application of the
Fourier transform to both sides of (2.6.1) gives

[an (k)™ + an_1 (1K) + -« + a1 (ik) + ap]Y (k) = F(k).

Where Flulz)t =Y(k) and F{f(x)} = F(k).
Or, equivalently

P(ik)Y (k) = F(k).
Where

n

P{z) —Zu, 2"

=il

Thus
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; Fk) L
k) = =—— = FEICHE).
Y (k) = 5o = F(R)QUA

1

Where @)= 77

Applying the Convolution Theorem 2.5.5 to (2.6.3) gives the formal solution

] 3
i _i".| = ..E-_I {I'-!: J','-| {'c}|.!t':'} = — [ |rl:i:'|-llllI g —— -E.:lnr{:.

V2T .

Provided q(x) = F-1{Q(k)} is known explicitly.

The differential equation with an abruptly applied impulse function f(x) = x is considered in order

to provide a physical explanation of the result (2.6.4).

LIGER=0(x). eeeeeereennens (2.6.5)

The solution of this equation can be written from the inversion of (2.6.3) in the form

o 1 1
(z)=F" {—__rm-a} =——q(z).
v 2m v 2T

Thus, the solution (2.6.4) takes the form

x
ylx)= / FlEWE (e — E)dE.
_.x

Without a doubt, G(x) functions in the same way as a Green's function, that is, it is the reaction to
a single unit impulse. In any physical system, f(x) is often referred to as the input function, while
y(x) is referred to as the output function derived by the application of the superposition principle.
The admittance is the Fourier transform of the function 2G(x) = q(x), where 2G(x) = q(x) is the
square root of x. Obtaining the response to a given input function involves determining the Fourier
transform of the input function, multiplying the result by the admittance, and then applying the
inverse Fourier transform to the product generated from the multiplying and multiplying
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operations. We will demonstrate these concepts by addressing a simple issue in electrical circuit

theory.
Example 2.6.1 (Electric Current in a Simple Circuit).

The current I(t) in a simple circuit containing the resistance R and inductance L satisfies the
equation

daf
L — + Ri = E(t).
dt : ()

Where E(t) is the applied electromagnetic force and R and L are constants. With E(t) = EO

exp(—alt|), we use the Fourier transform with respect to time t to obtain

5
(il + R} (k)= I:'.;.\."—

| m(a? + k)

LE

Or,

R ¥ ol |
Ik)= | —= — _
[x) iL 1l. w [k — %} (k2 4+ a2)

Where F{I(t)} = "I(k). The inverse Fourier transform gives

=

i / expl ikt ek
7L | TE) @ ran)
A (2.6.9)

It)=

This integral can be evaluated by the Cauchy Residue Theorem. Fort >0

Iy = 2% o |Residue atk = =L 4 Residue atk = ia
il L |
- 2nEy g it g ot
L |(a2-2) 2a(a-4&)
£ g™ 2aLe ¥
"|R—aL R —a2LZ|

.................... (2.6.10)
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Similarly, for t <0, the Residue Theorem gives

il I:T”

I{t) = ———- 2ri|Residue at k = —ial
irL
- 2akEy —Lent = Egpet
L [(aL+R)2a] (aL+R} .. (2.6 11)

M) =lm ) = =—.
e T Ryl

If E(t) = d(t), then E*(k) = V2= and the solution is obtained by using the inverse Fourier transform

. 1 -hr r._Jr'\.'!

— O

Which is, by the Theorem of Residues,

= %.HE‘H]ﬂH{- atk=1R/L]

gy (_E)
T, SXp %)

Thus, the current tends to zero as t — oo as expected.

................ (2.6.12)

Example 2.6.2 Find the solution of the ordinary differential equation

d*u \ -
——tgu=flr), —oosr<oo

e R T veeeneens (2.6.13)

by the Fourier transform method. Application of the Fourier transform to (2.6.13) gives

Flk)

.ﬁ': = rJ2 :

Ulk)=

This can readily be inverted by the Convolution Theorem 2.5.5 to obtain
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o
i :

u(x)= — / flE)gle — & )dE,
wJ

.............. (2.6.14)

Where 90 =F" {_]—} =23 by Example 2.3.2 Thus, the final solution is
T, (2.6.15)

Example 2.6.3 (The Bernoulli-Euler Beam Equation)

With respect to an infinite beam on an elastic basis, we investigate the vertical deflection u(x)
caused by the action of a specified vertical load W. (x). Because of the deflection u(x), the ordinary

differential equation is satisfied.

2T r-lrlu T - - - i
Bl tAN=WE): meos@S: (2.6.16)

where EI is the flexural rigidity and « is the foundation modulus of the beam. We find the solution

assuming that W(x) has a compact support and u, uall tend to zero as |x|—o0.

We first rewrite (2.10.16) as

inn'.' 1
—_—atu =i

a2 e, (2.6.17)

Where a4 = «/EI and w(x) = W(X)/EL. Use of the Fourier transform to (2.6.17) gives

Wik)

Uik)= ;
k3 4 g4

The inverse Fourier transform gives the solution
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m r o
l r.'n'.r
fosy . —ikE
= — dk 1 £ e = df
2r | ki4ad ! o H'
- e

.......... (2.6.18)

ey A [ eikl=—¢ 1 [ ecosk{r—E)dk
6ex)=g; [ Traic=3 [T

o o (2.10.19)

The integral can be evaluated by the Theorem of Residues or by using the table of Fourier integrals.
We simply state the result

| i y [uir—"l 7]
(rE, 1) = = pxp | —=——=|T — S —_—t -
g 2a? o [ 'n,-"'jle : ) " | 2 [ 1]

' o (2.6.20)

The explicit answer resulting from a concentrated load of unit strength operating at a position x0
is found by solving for w(x), which is equal to w(0) = (x x0), in particular. As a result, the answer
for this situation becomes

-
ulr) = [ AE —rp )Gl E)dE = Glx. g ).
=

............ (2.6.21)

In this way, the kernel G(x, ), which is used in the solution (2.10.18), is physically significant in
that it represents the deflection as a function of x caused by a unit point load operating at x = 1. As
a result, the deflection owing to a point load of strength w(d) at x is equal to w(d) * G(x, x), and
hence, (2.10.18) reflects the superposition of all incremental deflections. To provide a more
general dynamic problem of an infinite Bernoulli-Euler beam with damping and elastic foundation,
the reader is referred to Stadler and Shreeves (1970) and Sheehan and Debnath (1998), who both

solved the problem of an infinite Bernoulli-Euler beam with damping and elastic foundation
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(1972). For the beam issue, the Fourier-Laplace transform approach was employed to obtain both

the steady state and transient solutions, according to these authors.
2.7 SOLUTION OF INTEGRAL EQUATIONS

In order to solve basic integral equations of the convolution type, it is possible to use the Fourier
transform approach. Examples are used to demonstrate the process. We begin by solving the

Fredholm integral problem using a convolution kernel of the type.

[ fltlglr —t)dt + Af(z)=ulx),
S rveessseeens (2.7.1)

Where g(x) and u(x) are given functions and A is a known parameter. Application of the Fourier
transform to (2.7.1) gives

V2RF(KIG(K) + AF(k) = U(k).
Or
Uik

F{k) _#
wiRGUEA 2.7.2

The inverse Fourier transform leads to a formal solution

1T U(k)et=d
flz) = .—/ )
"u".g. J[IRII'L‘-

........... 2.7.3

In particular, if g(x) =1 x so that

p—

k)= —i ;"f—;:-z_r_a,'u}-;.

Then the solution becomes
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1 L7 (k)et®= dk
v2r J A—imsenk

=P8 eereeeesensenns 2.7.4

HAz)=—

If A=1 and gir) =1 Gk} =

('ij so that VR solution (2.11.3) reduces to the form

N
=u'(z) =+ v2re * = [ u'(£) exp(€ — x) dE.
—m= e 2.71.5

Example 2.7.1 Find the solution of the integral equation

7 . :
/ Fle — L) ey dE = ——n
: FATE e 2,76

Application of the Fourier transform gives

.': —alk
2

v JFr.FH.IHA‘-—\' 3
{2 il

Or

)= e (S}
v2a - S 2.7.7

The inverse Fourier transform gives the solution

/ X (aﬁ.r — —rll“) df:

e e

= Ex-fm: / exXp ,— 7 u-)} ik + .[1"!{[: { —k (% = ,-.J.)} dk

[\ 0

flz) =

ln..?

[y

- '” 2
2/ma | (422 + a?) NF @E+a)
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Using the table B-1 of Fourier transform (see No. 4), we also get the same result :

|'T o |
flz)=F 1 [F(k)} = v-'—’

rdr? 4 a2

Example 2.7.2 Solve the integral equation

]‘ F(t) dt I
= == — o )L
(=11 +a? (2248

=TT T T e 2.7.8

Taking the Fourier transform, we obtain

el { .'? o bk
eyl = JEE
VAR ER J {J'-‘ -|—rr’} 1||" 2 b

Or

= _—alk| — .—bl#|

fe— O e 5o Illﬁ £
YIRS 2 — Va2 @

Thus,

1 il i .
g bt 2.7.9

The inverse Fourier transform leads to the solution

flz) = - explikr — |k|(b— a)]dk

Iu|
;-"“-a-‘_:.e

=

I~J

f

1
In’;-—rf]—.u'e lfl’l—-:r_:'—.'.?']
|:II.P—EI1'

[b—a)® + r--

il
h

.-"_-"'l-\.h-:l
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Example 2.11.3 Solve the integral equation

-«

fle)+4 / i Flt)dt = g(r).
Lo e 2.7.11

Application of the Fourier transform gives

2a

F(k) + 4V2rF (k) » = = G( k)
V2r(a? + k2)
F(k) = —_,‘”'L__,""L G(k).
S ceenn2.7.12

The inverse Fourier transform gives

a2 + k24 Ba

1 [ (@@ +FGE) .
flx)= _/ B I Lotk it

............ 2.7.13

i

A ||a|

1

In particular, if a =1 and g(x) = e—{x| so that G(k) = '

" then solution (2.11.13) becomes

1

i

flx)=

.-'E.-‘-"""--:l'!
e
il -
-+ =
oA "
=
=

.......... 2.7.14

For x > 0, we use a semicircular closed contour in the lower half of the complex plane to evaluate
(2.11.14). It turns out that

............ 2.7.15

Similarly, for x < 0, a semicircular closed contour in the upper half of the complex plane is used
to evaluate (2.11.14) so that

flzx)==¢e". x<

3 2.7.16
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Thus, the final solution is

fa)=gew(-3a). 2.7.17

2.8 SOLUTION OF PARTIAL DIFFERENTIAL EQUATIONS

In this section, we demonstrate how the Fourier transform method may be utilised to achieve the

solution to boundary value and starting value issues for linear partial differential equations of

various forms using the Fourier transform technique.

Example 2.12.1 (Dirichlet’s Problem in the Half-Plane) We consider the solution of the Laplace

equation in the half-plane

Uer + Uy =0, —Do<z<on, p=2l,

ooooooooooo

With the boundary conditions

ulz, M= f(zx), — o0 < T 00,

elr.y)—+0 az x| =00, y— oo (2.8.3)

oooooooooooo

We introduce the Fourier transform with respect to x

a3

1
Uik, y)= — e "y (x, y)dr
W [ BV e, (2.8.4)

So that (2.8.1)—(2.8.3) becomes

ﬁ — KU =0,
dy* e 2.8.5

k.0 =F(k), Uik yl—=0 A8 1y — DO,

Thus, the solution of this transformed system is
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Ulk,g)=Fk)e™™. . (2.8.7)

Application of the Convolution Theorem 2.5.5 gives the solution

1 T
wlr.y)= —J)_ [ FUE gz — £ )ddE,
- — DG

.............. (2.8.8)

Where
r.ll:_i".:l_- I{t 1] 'l}'_ t!_lll

Ve@med (2.8.9)
Consequently, the solution (2.8.8) becomes
ulr, eal—i i y =1L

m (x—E) + 3
=38 ieeeeesennes (2.8.10)

This is the well-known Poisson integral formula in the half-plane. It is noted that

2 I - i
m ulx, y)= [ _,rl‘:"[ im i-W.IE_ / FlE)Mx — £)dE,
L p—0* T (LR i A | .
S e S eeeeeeeees (2.8.11)
1
dr—E£)= lim = - -
g0+ [(F—E) Fy-

................ (2.8.12)
This may be recognized as a solution of the Laplace equation for a dipole source at (x, y)=(&, 0).

In particular, when

Ha)=TeH(a—|2l), ... (2.8.13)

The solution (2.8.10) reduces to
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4]
4Tg £
wlrZ )= — | == T =
T & —x)" +uy°
— {3

lr:'l &L f —
il [t;m'] (:) — rall'l(_r r)}
w ! Y ¥

2ay

= %mn_! (m) ’ (2-8-14)

The curves in the upper half-plane for which the steady state temperature is constant are known as

isothermal curves. In this case, these curves represent a family of circular arcs

2

F e _JF; - 3 {l_r.r_rl.' ............. (2815)

e

Y
S

Figure 2.9 A family of circular arcs.

With centers on the y-axis and the fixed end points on the x-axis at X = +a. The graphs of the arcs

are displayed in Figure 2.9. Another special case deals with

flry=8e)y (2.8.16)

The solution for this case follows from (2.8.10) and is

=0

1 O£ dE i 1
r|'|:.r'._r,|':'—i v l‘..l" = o
T le—EF 4+ y ¥ s+ y=)

= T . (2.8.17)

Further, we can readily deduce the solution of the Neumann problem in the half-plane from the

solution of the Dirichlet problem.
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Example 2.8.2 (Neumann’s Problem in the Half-Plane) Find a solution of the Laplace equation

Mrr +Hyy =1, —oo<r<oo, YU, (2 8 18)

With the boundary condition

w [z, 0= f(r), —co<T<oo.
T e, (2.8.19)

This condition indicates the normal derivative on the boundary, and it represents the fluid flow or
heat flux at the boundary in terms of physics. It is defined as

We define a new function v(X, y) = uy(x, y) so that

]

ulz. u)= /J'I:.J'_.llrlr!.llr.
U e (2.8.20)

Where an arbitrary constant can be added to the right-hand side. Clearly, the function v satisfies
the Laplace equation

Fv v Pu, Fu, D

dr?  dy? dr? dyt dy

(wrr + 2y ) =0,
With the boundary condition
vlz, 0) =uy(x,0)= fz) for —co< < o0

Thus, v(x, y) satisfies the Laplace equation with the Dirichlet condition on the boundary.
Obviously, the solution is given by (2.12.10); that is,

rla-!JJ—Lf( ,ﬂ:l_dkf e
TEETY e (2.8.21)

Then the solution u(x, y) can be obtained from (2.12.20) in the form

67



www.novateurpublication.com

=

|I l |i i -II ; :I JI:
ulr, i) = / vix, pldn = — I i dn / %
. T J (=82 + 2

—oo

== N

1 i 1 in
= (£)dE | —————— gy =]
T .[f“t“./ c—eP+72 7

— DO

o
L - 2 a
== / _Irllillu-_',[IJ —£F + _r."J:rf.ﬁ.
it

£ (2.8.22)

In this case, an arbitrary constant may be used to modify the answer. With this in mind, the solution
to every Neumann problem is uniquely determined up to an arbitrary constant, as shown in Figure
1.

As an example, see Example 2.8.3. (The Cauchy Problem for the Diffusion Equation). Specifically,
we are interested in the initial value issue for a one-dimensional diffusion equation with no sources

or sinks.

e =Klzp, —oO<T<oo, >

............. (2.8.23)

Where « is diffusivity constant with the initial condition

u(rl)=fz) —oe<z<on. (2.8.24)

We solve this problem using the Fourier transform in the space variable x defined by (2.12.4).
Application of this transform to (2.12.23)—(2.12.24) gives

Uy =—rkU, t>0, .......... (2.8.25)
Uik 0) = F(k).
The solution of the transformed system is

Uk, t)=F(k)e™t (2.8.27)

The inverse Fourier transform gives the solution
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1
ulri)= '-.-E

[ F(k) expl(ikz — nk®t)]dk

Which is, by the Convolution Theorem 2.5.5?

l-JI

i 1o
=T / FLE gz — &)ddE,
v F_.

Where

: 1 =
glr)=F e ™} = ——exp (—h} . by (2.3.5).
f

v 2t

Thus, solution (2.12.28) becomes

= A
ulx, 1) —ﬁ / fl&) exp {—"’“f’ Lf{.
e, (2.8.29)

The integrand involved in the solution consists of the initial value f(x) and Green’s function (or,

elementary solution) G(x — &, t) of the diffusion equation for the infinite interval:

i o |
(x—£)°

1
Gir—Et) = ———=exp [—

vdmkd 4nt

7 rvesessesene (2.8.30)
So, in terms of G(x — &, t), solution (2.8.29) can be written as

=

u(z, t) = [;c:;(:f.;-—g.u;ﬁ
- (2.8.31)

S0 that, in the limit as t — O+, this formally becomes

o0
u(z, 0)y=flz)= [ f€) i'lll"l Gz — £, t)dE.
i+

= i3

The limit of G(x — &, t) represents the Dirac delta function
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1

i £)=li iz~ ¢
L — = lm BHP | —— .
R N A T

............. (2.8.32)

Figure 2.10 Graphs of G(x, t) against x.

Figure 2.10 depicts graphs of G(x, t) for a variety of different values of the time constant.
Remember that the integrand in (2.12.31) is composed of the initial temperature distribution f(x)
and Green's function G(x t), which represents the temperature response along the rod at time t as
a result of an initial unit impulse of heat occurring when the x =t is equal to the initial unit impulse
of heat. Physicists interpret the answer (2.12.31) as implying that the original temperature
distribution f(X) is divided into a spectrum of impulses of magnitude f() at each point x = in order
to generate the final temperature distribution f(X)G(x t). As a consequence, the resultant
temperature is integrated to arrive at a solution (2.12.31). The concept of integral superposition is

used to describe this. We make the necessary changes to the variable.
2.9 FOURIER COSINE AND SINE TRANSFORMS WITH EXAMPLES

The Fourier cosine integral formula (2.2.8) leads to the Fourier cosine transform and its inverse
defined by

= II\_‘]

[{"l..l.“ kz f(x)dz,

FAf (e =Fu(k) = ‘|,-"I
B eeieeeeeenes 2.9.1

.

FUF K =fiz)= I;j Ii:l.J.‘-}x'_r'f'1-'-!-‘ dk.
FoAFAk)} = fi=z) 1—/ s 2.9.2

70



www.novateurpublication.com

Where Fc denotes the Fourier cosine transform operator and F1 ¢ denotes the Fourier cosine
transform inverse operator. Furthermore, the Fourier sine integral formula (2.2.9) leads to the

Fourier sine transform and its inverse, which are defined as and respectively.

E | |._,]

FAf(z)}=F k) = / sinkzx f(z)dr,

........... 2.9.3

F-UE ()} = flz) =

“-] | |".p-|

/-‘m.h Fo(k)dk.
Bl eeeeeseesseen 294

Where Fs is the Fourier sine transform operator and F—1 s is its inverse.

Example 2.13.1 Show that

la) = —_. >0
a) Fufe "} l'i (2 1 19) (2 == 1}) 295
N—— Tk _
(b) Fiie ‘I'_‘l'.'l Tm (a =10 296
We have
._?,.{g_"'r} - Il'-'l :[ T eoskrdr
_] o
_E EI/ —[m—ik)x r—lh’r."ul.Jri_
—_r s
1 /2 | [ 2 |
;. =l o L | A 'l_—.-
4:( } '21# T !lr.'—.'}\ |r—.'.ll.j| lllf ?I_rrJ+.r.‘-J:I

The evidence for the second finding is similar and is thus left to the discretion of the reader. Using
the preceding findings in conjunction with the Fourier cosine and sine inverse transformations, as
well as an interchange of variables, we discover that
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According to the Fourier cosine and sine inverse transformations, we write

N o

r i 9 sin b
oz _ ﬂ] et IR [‘,‘J"‘—”‘f;m_ a>0.
r J k2 +a? m ) kF+a

Interchanging x and k, these results become

2a fea 2 [ xsinkz
gk = [Ldr—— [#UTJ'.
T T J T+ a®
0
Thus, it follows that
7 1 2 /’ cos kr ; fTx __, [re=*
FeYrEranl Vo T T 0 = A = =\ 7
(= + a®) 1'; g J. o5 as l'h- T 2a 1|, 2 a

T /2 T sin kz [2 & ; T .
B T S e e e L
22 4+ a?) Vr 4+ a? V=2 11,' 2

Example 2.9.2 Show that’

1 I .
.?_,'l {—;-xpn{—:sﬂ-|} = ."jlilll_] < B
: Va (*) ........... 2.9.7

We have the standard definite integral

e

“Mexp(—sk)} = /r-xpi_—.%kj:-;in kxdk= — - -
52 +x2
T 2098

Integrating both sides with respect to s from s to oo gives
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4]

—mk i !d- : -l
[f ginkrdk = [,J—q_,— [tau'l i]
¢ k f or? 4+ 52 T
5
'l'r

Thus

g1 l{.}q,( —ak)y = E[ l expl — sk ) sin rk dk
[ .L' J I||'| T .'l'u'
il

2

= b-“ihm_] (JT) .

Example 2.9.3 Show that

_, c 21 k2
Flerfelar)} = 1*.' s [L — BXp (_K)] ; 2010

We have

F erfelaxr)} = ‘l.."II% [ erfelax) sin kx dx

0

o0 =0

22 [ 2
— "’j /511‘. R'.rdrfrr_' dt.

(1] ox

Interchanging the order of integration, we obtain

t/a

21.,-5 Fa e
Ferflax)} = e /oxp{—!‘]d?f:-;in kxdr

Li] 1]

R kt
= _:'# [m:}';i—!‘]{f.—mﬂ(—r)}dr
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Thus

1

FAerfelar)} = |,|'

N ]

e (i)
-] - BN i .
: da=

2.10 PROPERTIES OF FOURIER COSINE AND SINE TRANSFORMS

THEOREM 2.10.1 If Fc{f(x)} = Fc(k) and Fs{f(x)} = Fs(Kk), then

FAflar)} = ;51. (i) . a>0. 2101

1 i
FAflax)} = :F, (:) I B | 2102

Under appropriate conditions, the following properties also hold:

e e U
o e 2.103
E k2 Fuk 2
FAf"(2)} = -k F(k) — /= f(0).
{f"(2)} W=y 2.10.4
FAf @} =—k Btk 2.10.5
_,B‘ 1 2 i I_T iy
FAf@) =K Bl +y2kIO. 2.10.6

These results can be generalized for the cosine and sine transforms of higherorder derivatives of a
function. They are left as exercises.

THEOREM 2.10.2 (Convolution Theorem for the Fourier Cosine Transform)
I F A fx)) = Fulk) and F.{g(x)} = G.(k). then

FUF(RGAK)} = — [,ﬂs:,r,u_.r + &)+ gl|z — £]))dE.

1,("'3 -

dN

.................. 2.10.7
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Or, equivalently,

= 1 o . ;
[ FL(k)G (k) cos kzdk = = FlENglz+E) + gl|z — &|)]2E.
R reeeeeeene 2.10.8

PROOF using the definition of the inverse Fourier cosine transform, we have

— O

=
FIYE(RG(K)} = iz / F (k)G (k) cos kx dk

( )ffrr k) cos kx dk [}'I{jumﬁ{rf\,

Hence,

)/f[ JelE [m:&.ﬂ'r:uﬁ.ﬁ'{ Gk ke

5] ea

F1{EL(K)C(K)]} = (

"-T - Illg oac
': [ Fitd df,kl.' = [|m'< k(x+ &)+ cos ki |z — ENG o k)dh
i

1
2

Lﬂ

i
] FliE alx +£) + gl|x — £])]dE,
i

In this case, the definition of the inverse Fourier cosine transform is used. As shown by the fact

that (2.10.7). The proof of Theorem 2.14.2 also has the additional consequence of showing

Fio o 1 F = e
/E () k) cos ke dl = 3 /_f'lf{j[yn{:: + £)+ gll=— E|)]dE.
|

This proves result (2.10.8). Putting x = 0in (2.10.8), we obtain

[F}.H.'IG. (k)dk = [_r'[:lg,rlf,‘.lrfg— [_.'-I:J'Ilr,fl_J']r!'.F'.
.II .I|

.|:-

Substituting g(x) = f(x) gives, since Gc(k) = Fc(K)
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T oo

[lﬁ-[ﬂ']:-ﬂ'— /Iﬂ.r‘.-!dx_
[ ]

............... (2.10.9)

This is the Parseval relation for the Fourier cosine transform.

Similarly, we obtain

[ F. (VG (k) cos kx dk
|

E] II-::I-.I

[l‘.’.-'_J.ﬂ";{'ﬂM‘r ik [_.Fl;f_:l_'iill!!.!ﬁ dE
o I

1}

Which is, by interchanging the order of integration?

s =

)
= \-E /.ﬂ{]'f‘: [(’;‘.,[A'_!lhillk{ cos e di
0 il

=
[2

$ F g .
== [f[:—"luf{f 1'r'a: [(}',M'}Iﬁink[ﬁ + ) 4+ =in k(£ — x)jdk
il ]

1 0
= [f[{]f.uii + )+ gl§ — )|dE,

In which the inverse Fourier sine transform is used. Thus, we find

e .

/ Fu(R)G, (k) cos ke dk = = [ F(©)l0(E+ ) + g(€ — )]de.
- ~ R L e (2.10.10)

Or, equivalently,

m

FUFLR)C.(K)} =

1 ,( . .
— | flE)[glE + ) + gl — x)]dE.
T (e (2.10.11)

Result (2.10.10) or (2.10.11) is also called the Convolution Theorem of the Fourier cosine
transform.
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Putting x = 0 in (2.10.10) gives

m

[f'-,iﬂ"lf:.lk]:ﬂ.'— /._f-fi:'.r;li:lr!{ = /.I,I"I_.":l_:,l[_r"l-:f.a'.
I 0 o

Replacing g(x) by f(x) gives the Parseval relation for the Fourier sine transform

/ | Fu ()P dke = j | flz)Pdz.

................... (2.10.12)

2.11 APPLICATIONS OF FOURIER TRANSFORMS IN MATHEMATICAL
STATISTICS

Fourier transforms or FourierStieltjes transform of the distribution function of a random variable
are both used to determine the characteristic function of a random variable in probability theory
and mathematical statistics. Using the methodology of characteristic functions, many significant
conclusions in probability theory and mathematical statistics may be achieved, and their proofs
can be made more rigorous while maintaining their precision. Consequently, Fourier
transformations are significant in probability theory and mathematical statistics, among other areas

of study.

DEFINITION 2.11.1 (Distribution Function) The distribution function F(x) of a random variable
X is defined as the probability, thatis, F(x) = P(X

It is immediately evident from this definition that the distribution function satisfies the following

properties:
(1) F(x) is a non-decreasing function, that is, F(x1) < F(x2) if x1 <x2.

(i) F(x) is continuous only from the left at a point x, that is, F(x — 0) = F(x), but F(x + 0)
= F(x).

(i) F(—o0) = 0 and F(+w0)=1.
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Assuming X is a continuous variable, and assuming there exists a non-negative function f(x) such

that the following relationship holds for any real x, then
Flx)= / fle)dz.

Where F(X) is the distribution function of the random variable X, then the function f(x) is called

the probability density or simply the density function of the random variable X.

It is immediately obvious that every density function f(x) satisfies the following properties:

Fl+o0o) = [ flride=1.

(1 S5 eeeeeeeenn (2.11.2)
(i) For every real a and b where a<b,
Pla< X <b)=F(b)— Fla)= / flx)dz.
@ (2.11.3)

(i) 1f f(x) is continuous at some point X, then F (x) = f(x).

It is noted that every real function f(x) which is non-negative, and integrable over the whole real
line and satisfies (2.17.2ab), is the probability density function of a continuous random variable
X. On the other hand, the function F(x) defined by (2.17.1) satisfies all properties of a distribution

function.

DEFINITION 2.17.2 (Characteristic Function) If X is a continuous random variable with the
density function f(x), then the characteristic function, ¢(t) of the random variable X or of the

distribution function F(x) is defined by the formula

dft) = EfexplifX)) = ’f_,I"I.f"lwx;:l'.'r..-':-af.J.
ot eeeeseeenss (2.11.4)
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where E[g(X)] is called the expected value of the random variable g(X). In problems of
mathematical statistics, it is convenient to define the Fourier transform of f(x) and its inverse in a

slightly different way by

Ff(x)} = plt)= [ explitr) f(z)dz,

FHeélt)) = flz)= % / exp(—itr)d(t)dt.
L eeeeeesseseeseens (2.11.6)

Evidently, the characteristic function of F(x) is the Fourier transform of the density function f(x).

The Fourier transform of the distribution function follows from the fact that
F{F(z)} = F{f(x)}=ol1),
Or

FiFE} =700 2.11.7)

The composition of two distribution functions F1(x) and F2(x) is defined by

=
Flz)=Filz)* F(T)= [ Fiix — ) Fily)dy.
-

............. (2.11.8)

Thus, the Fourier transform of (2.17.7) gives

it lalt) = .f{ / Filr— _i,.':'F._:I:_J,r_Ir.I'_!,I}

— o

= . F{F)}.F{ faolx)} = i Vet (#) el ).

Whence an important result follows:
M) =aDea®). ... (2.11.9)
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Where ¢@1(t) and ¢2(t) are the characteristic functions of the distribution functions F1(x) and F2(x),
respectively.

The nth moment of a random variable X is defined by

n, = E[X"] = g Ve, n=1,2.3,....
mn=E[X"]= [ 1) (2.11.10)
Provided this integral exists. The first moment m1 (or simply m) is called the expectation of X and
has the form
m=F(X)= / T fla)dr.
o (2.11.11)

The moment of any order n may be found by calculating the integral of that order (2.17.9). The
examination of the integral, on the other hand, is a challenging process in general. It is possible to
tackle this challenge with the assistance of the characteristic function defined by (2.17.4). The
result of differentiating (2.17.4) ntimes and setting t = 0 is a reasonably straightforward formula.

My = l " f(p)de =(—i)" "™ ()

4 (211.12)
Wheren=1, 2, 3.....
When n =1, the expectation of a random variable X becomes

m1=E(X)= [ xf(x)de = (—i)a" (D).
=4 2.11.13)

As a result, the simple formula (2.17.11) utilising the derivatives of the characteristic function
allows for the presence of any arbitrary order as well as the calculation of the moment of that order.
For similar reasons, we may express the variance 2 of a random variable as follows in terms of the

characteristic function:
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=
ol = [ (2 —m)* flr)dr =ma — rnf
o

= I.'}Ill. i |_'_-”' ).
{a"(0)} (o) (2.11.14)

Example 2.10.1 Find the moments of the normal distribution defined by the density function

. {_ s —:'.'J:"I }
oy 202 [(2.11.15)

The characteristic function of the normal distribution is the Fourier transform of f(x), which is

r—m)*]
[ | .

I

Ty

H{t) = e ey ‘ —

2

:-'L"""--\.,-'

We substitute x —m =y and use Example 2.3.1 to obtain

)

. explitm) e iyt
dft) = —m—oo e Wexp | —— | dy =exp (.'.f:-rl — =i%g" | .
av I, 2os 2
4 (2.11.16)

Thus

my = [—i}a'(0) = m.
! ] -+
ms = —a' ()= (m* +a).
i > P Ty
niy = mim" + o).

Finally, the variance of the normal distribution is

Ma — .'.'If = :.’}'-_I. (21117)

It is clear from the above explanation that characteristic functions are very valuable for the
exploration of specific issues in mathematical statistics. We will conclude this section by

addressing some more characteristics of characteristic functions.
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THEOREM 2.11.1 (Addition Theorem).

The characteristic function of the sum of a finite number of independent random variables is equal

to the product of their characteristic functions.

PROOF Suppose X1, X2,...,Xn are n independent random variables and Z = X1 + X2 + --- + Xn.
Further, suppose @1(t), 02(t)....,pn(t), and ¢(t) are the characteristic functions of X1, X2.....Xn and

Z, respectively.
ait)= f'.';rvx[nl'r'ff'l' =F ;-l."HiJ {it (X1 +Xa+4---+ .‘L-r-.l]r] ;
Which is, by the independence of the random variables?

= Ef it Xy I_E-I:I.:r.\_:___I__-Ir_n.'."x. |

= @ L E)alt) - - - lt).

(2.11.18)

This proves the Addition Theorem.

Example 2.11.2 Find the expected value and the standard deviation of the sum of n independent

normal random variables.

Suppose X1, X2.....Xn are n independent random variables with the normal distributions N(mr,

or), where r = 1, 2....,n. The respective characteristic functions of these distributions are

r=1 2 80 ms

J 2 2
im, — :f'ﬁ; :

@ L) =exp

(2.11.19)

Because of the independence of X1, X2,...,Xn, the random variable Z = X1 + X2 + --- + Xn has

the characteristic function

Gt) = @ (t)dalt) - gy, (t)

-

5 1 a a 9
= exp |it(my +ma+---+my, ) — —7||‘T|' + a5 +---+o i

2 "7 (2.11.20)
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This represents the characteristic function of the normal distribution N(ml1 +
e 8 : e R R 1
R ") Thus, the expected value of Z is (m1 + m2 + --- + mn) and its standard

2 2 2L
ay+ag+ -+ T

deviation is 7" 72 '
Finally, we state the fundamental Central Limit Theorems without proof.
THEOREM 2.11.2 (The Le vy-Crame’r Theorem)

For example, consider the sequence of random variables Xn, where Fn(x) and n(t) represent the
distribution and characteristic functions of Xn, respectively. So, for any point t on the real line, the
series n(t) is convergent to the distribution function F(x) only if and only if the sequence t is also
convergent to a function (t) continuous in some neighbourhood of the origin, in which case the
sequence n(t) is nonconverging. Because of this, the limit function n(t) n(t) is equal to the
characteristic function of the limit distribution function F(x), and the convergence n(t) n(t) is
uniform in every finite interval down the t-axis.

THEOREM 2.11.3 (The Central Limit Theorem in Probability).

Supose f(x) is a nonnegative absolutely integrable function in R and has the following properties:

o =

[_fi.r']-:f.] _1, f r flz)de=1, [.ij'[.f-]rs.,-—l.

— 0 — 0

Iffn="f=fx..xfisthe convolution product of f with itself n times, then

BT

g J. ey
Iim { _|rh|:_|":l||r_i' = /.r B — oo i< b oo,

—DG

—

e (2.11.21)

We direct the reader to the next section for a demonstration of the theorem. All of the concepts
introduced in this section may be extended to multidimensional distribution functions by the use

of multiple Fourier transforms. We recommend Lukacs to any readers who are interested (1960).
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CHAPTER 3

LAPLACE TRANSFORMS AND THEIR PROPERTIES

“What we know is not much. What we do not know is immense.” Pierre-Simon Laplace

"By concentrating our attention on abstract combinations, the algebraic analysis quickly causes us
to lose sight of the fundamental purpose [of our study], and it is only at the conclusion that we are
able to return to the original objective.” When one abandons oneself to the processes of analysis,
however, one is led to the universality of the approach and the inestimable benefit of changing the
reasoning by mechanical methods to findings that are often unattainable by geometry... The beauty
that results from a lengthy succession of phrases that are related one to the other and all come from

a single core notion can be found in no other language.

Pierre-Simon Laplace

“... For Laplace, on the contrary, mathematical analysis was an instrument that he bent to his
purposes for the most varied applications, but always subordinating the method itself to the content

of each question. Perhaps posterity will ...”
Simeon-Denis Poisson
3.1 INTRODUCTION

Throughout this chapter, we will provide the formal definition of the Laplace transform and
demonstrate how to directly compute the Laplace transforms of various simple functions from the
formulation. Section 3.3 contains a description of the Laplace transform's existence and
nonexistence requirements. We go through the fundamental operational aspects of the Laplace
transforms, such as convolution and its properties, as well as the differentiation and integration of
Laplace transforms, in considerable depth. Introduction to the inverse Laplace transform is
provided in Section 3.7, followed by the development of four techniques of evaluating the inverse
transform with examples. The Heaviside Expansion Theorem, as well as the Tauberian theorems

for the Laplace transform, are also addressed in detail.
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3.2 DEFINITION OF THE LAPLACE INTEGRAL AND EXAMPLES

As a starting point, we will look at the Fourier Integral Formula (2.2.4), which describes the

representation of a function defined on the variable x as follows:

P 1
_,|r|_l_.r_| E

rJH'""--,,A

e dk /.r""‘"_i';[.-"lrz'f. (3:2.1)

We next set f1(x) =0 in —oo <x< 0 and write
hHi(z) == f{z)H(z) =e = f(x), x>, (3.2.2)

Where c is a positive fixed number, so that (3.2.1) becomes

et i / exp| —t{e+ k) }f(t)dt. (3.2.3)

I
E

2w

flz)=

i-I'L"""--l;.J

With a change of variable, ¢ + ik = s, i dk = ds we rewrite (3.2.3) as

flr)= ;— [ exp{(s — cjr}ds [- ==t £ df, (3.2.4)
AT 3

c—1a0 1]

Thus, the Laplace transform of f(t) is formally defined by

12
a&n

Ffi}=fls)= [: —=t £ (t)dt. Res =0, (3.2.5)

Where est is the transform kernel and s is the transform variable, which is a complex integer, the
transform is defined as Under general circumstances on f(t), its transform f(s) is analytic in s on
the half-plane, where Re s>a. This is known as the analytic transformation. The formal definition

of the inverse Laplace transform is provided by the following result (3.2.4).
£ Hfls)}=flt)= % f e fis)ds. e 0. (3.2.6)
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Obviously, L and L —1 are linear integral operators.

Using the definition (3.2.5), we can calculate the Laplace transforms of some simple and
elementary functions.

Example 3.2.1 If f(t) = 1 for t > 0, then

Ly

. 1
fls)=2{1} = [r-‘-"d."— o (3.2.7)
i ;

Example 3.2.2 If f(t) = eat, where a is a constant, then
..f'{:""}—lj'—'[-i]— [a _"'_":'Ir‘!'i—__—. B>, (3.2.8)

Example 3.2.3 If f(t) = sin at, where a is a real constant, then

.

1 T B SREEE
2 sinat)h = [r'” sin ot dt = = /[t'_”"""' —g TG (3.2.9)
’ L

(1]

AT 1 L .. @
En’ & — 1 5T far -\'2 9 HE-

Similarly,

Z{eosat} = — 2 -, (3.2.10)

& - ar

Example 3.2.4 If f(t) = sinh at or cosh at, where a is a real constant, then

Flsinhat) = [r “*ginhat dt = ———, (3.2.11)
) 5 —a*
i

¥ {coshat} = [f ~* coshat di = — - (3.2.12)
- s —at

LH]

Example 3.2.5 If f(t) = tn, where n is a positive integer, then
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fls) =2 {t"} = —. (3.2.13)

We recall (3.2.7) and formally differentiate it with respect to s. This gives

[r;-*-‘rﬂ—— (3.2.14)

w

Which means that
1
it} = = (3.2.15)

Differentiating (3.2.14) with respect to s gives

- 2 o
= ff'r' Tdt=—. (3.2.16)
1]

Similarly, differentiation of (3.2.7) n times yields

30

1
2" = [f”f-"'dr— ™ (3.2.17)

I\.l-l +1

Example 3.2.6

(a) [ Ifa(> —1) is a real number, then ]

Fla+1)

gatl

Z{t"}= ; {g=0). (3.2.18)

(b) Show that

= 1
e
((r) = — | ——t

Iiz). ) eh—=1

(a) We have
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D)

£t} = [r"r‘*' dt.

Which is, by putting st =X,

Where I' (2) represents the gamma function defined by the integral

o0
T'la)= [J":_Ir iz, a 0. (3.2.19)

J
It can be shown that the gamma function satisfies the relation
a4+ ly=alla) (3.2.20)

Obviously, the result (3.2.18) is an extension of the previous result (3.2.17). Whenever an is a
positive integer, the second conditional is a special case of the first conditional. It is possible to
obtain the well-known integral representation of the Riemann Zeta function x(x) from this

example, which is denoted by the symbol

x
l;J'—J

— | —
e} ) e+—1

(lxr)=

It follows from (3.2.18) that

Summing this result over s, we obtain
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o0

l'l!.a':li:%I = [."”' ir"”dr
s=1" i s=1

= i o
e
o ,I'J'_l_jr—[ff_l
[ == et —1
I

— gt
|

]

fx=2 [,° ==dt=T(2)((2) =%

In particular, when a =—1 2, result (3.2.18) gives

& {%} - r;} = \,E where T G) = /7. (3.2.21)
Similarly,
2r ?} z I"E—'] 2 JT:*»L (3.2.22)
Where
() r(3+)-21) 4
Example 3.2.7 S (2_:'7) e
(3.2.23)

1
—(1—e"™VF),

oL ep( 2 ) =
x {M(w’?)} s
where erf(t) is the error function defined by (2.15.13).

To prove (3.2.23), we begin with the definition (3.2.5) so that

89



www.novateurpublication.com

or f = 4=

Which is, by putting * ~ 27 =7 and interchanging the order of integration,

b

M

E

=
l‘-'_'L"\.

I
_,

]

[

_|.
5|8
h"‘-——"’
o e

R

B

|
] —
—
~—3
e

-

|

e =
S

=

L

o
——

|
—

L

+

=
e
]

{

__‘_'\-'
ety

i

r+—).dy=[(1F—=
Which is, by putting y = (J J-] i {1 " .r”) dx, and observing that the first integral vanishes,

12 [+/7m 7 = N ot
.E{f?f(ir)}—__: HIT_ \I-Tr._”u.ﬂl __il _r_—ﬂ-.'_._-_rj.
j.\_.-f =5 ‘e"ll" 2 2 | 2

We use (3.2.23) to find the Laplace transform of the complementary error function defined by
(2.15.14) and obtain
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L ] i
5 o [ )} _1l s (3.2.24
{* 4 Mt = :I

The proof of this result follows from erfc(x)=1 —erf (x)andL {1} =1s.
Example 3.2.8 If f(t) = JO(at) is a Bessel function of order zero, then

|

vES+a”

.2{) {Jr;.[l"” ) }’ =]

Using the series representation of JO(at), we obtain

p ; o a i atit b
.f{.flll.l"!!]} = 5 ’71 = E! -+ 2_:_42 —_ 22.42““2 J._...“

Similarly, using JO(t) = —J1(t) gives

1 8 1 '
.2"{.,?1(.:”}——[ 1], (3.2.26)
i | 5 +a |

Example 3.2.9 The Laplace transform of the Gaussian function. Show that

]
(]
=]

&z { ’} BRTLN - P (};) . a0, (3.2.

Zik Lk

We have, by definition,
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.g.{r__.;.'"r-'} _ [ T rj'f—rm [ —a” [I rf
J0
—-:".__/ e 'lri'l——f = [ e du
_- it S =

When =
3.3 EXISTENCE CONDITION FOR THE LAPLACE TRANSFORM

An exponentially increasing function f(t) on the interval O t is said to be of order a(>0) on the

interval when there exists a positive constant K such that for any t>T
flt)] = Keot, {3.3.1)

And we write this symbolically as

flti=0(e™) as  t— 0o (3.3.2)

Or, equivalently,

|Iljm e |fit)| <K t]il]i ekt _n  pwa. (3.3.3)
Such a function f(t) is simply called an exponential order as t — oo, and clearly, it does not grow
faster than Keat as t — oo.

THEOREM 3.3.1

If a function f(t) is continuous or piecewise continuous in every finite interval (O, T ), and of

exponential order eat, then the Laplace transform of f(t) exists for all s provided Re s>a.
PROOF

We have
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30

/ : _"Illlr'l." edt

i}

|Fls)| =

15

[, =) £(1)|dt (d.3.4)

i}

1%

] '
K [* —Hemal g = —Il for Re 5 = a.
i 2 — i
i

As a result, the evidence is conclusive. Notably, the criteria specified in Theorem 3.3.1 are
adequate rather than required conditions, as is seen in Figure 3. lims | f(s)| = 0, which is equivalent
to lims f(s) = 0. It also follows from (3.3.4) that lims f(s) = 0. The Laplace transform's limiting
property might be thought of as the effect of this. In contrast, the Laplace transform of any
continuous (or piecewise continuous) function is not f(s) = s or s2. This is due to the fact that f(s)
does not go to zero as the number of terms in the function increases. Furthermore, even if a function
f(t) = exp(at2), a > 0 is continuous, it cannot be transformed using the Laplace transform since it

is not of the exponential order.

lim explat® — st)=nac.
i—Soe

3.4 SOME BASIC PROPERTIES OF LAPLACE TRANSFORM
THEOREM 3.4.1 (Heaviside’s First Shifting Theorem).

If L {f(t)} = f(s), then
Fle ™ f(t)} = f(s+a), (3.4.1)
Where a is a real constant.

PROOF We have, by definition,

Lle ™ flt)} = / el g ()it = f(s+a).

)
Example 3.4.1 The following results readily follow from (3.4.1)

2240 = — ey (3.4.2)

{54+ a)™t 1t
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t
2 e sinht} = ———— (3.4.3)

{s+a)2+2

& [~ o bt} — 5t 344
e cosit} [P (3.4.4)

THEOREM 3.4.2

If L {f(t)} = f(s), then the Second Shifting property holds:
Z{ft—a)H(t —a)}=e"" fls)=e"""L{f()}., a>0. (34.5)
Or, equivalently,

L{f(H(t —a)l=e " 2 {f{t +a}}. (3.4.6)

Where H(t — a) is the Heaviside unit step function defined by (2.3.9).

It follows from the definition that

0

L{f(t—a)H(t—a)} = [f “H it —a)H(t —a)d

Y

= [r'_'“ll,lr[l' — i Jedt,

Which is, by putting t —a =T,

3

=g, / e f(r)dr =" f(s).

o

We leave it to the reader to prove (3.4.6). In particular, if f(t) =1, then
. : gy
XUH(t—a)}=—exp({—sa) (3.4.7)

Example 3.4.2 Use the shifting property (3.4.5) or (3.4.6) to find the Laplace transform of
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1. O<t<1
(a) flE)=4—1, 1=<t<25 (b}  glt)=sint H{t — ).
0. =2

To find L {f(t)}, we write f(t) as
flty=1-2H(t—1)+ H(t - 2).
Hence

fls)=2{f(t)} = 2{1} -2.2{H(t - 1)} + Z{H(t - 2)}
1_zer e

L] & &

To obtain L {g(t)}, we use (3.4.6) so that

gle)=L{sint H(t —w)} = —e 7" . F{cost} = —ﬁ.: =,
s +1
Scaling Property:
Z{flat+b)}==e5F (-) . a>0 (3.4.8)
i1 i

Example 3.4.3 Show that the Laplace transform of the square wave function f(t) defined by

F(t)=H(t) —2H(t —a) + 2H(t — 2a) — 2H(t —3a) + - .- (3.4.9)

: 1 s .
fls)= = tanh (T) . (3.4.10)

The graph of f(t) is shown in Figure 3.1.
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Figure 3.1 Square wave function

flty=H(t)—-2H(t —a)=1-2-0=1, D<t<a
flt)y = H(t) - 2H(t —a)+ 2H(t — 2a)

=1-2-1+2-0=-1, 0<a<t<2a
Thus,
. 1 s ~—208 n— i3 s
F o) i P SIS, e s
) £ 5 5
1 5 ; i
==[1-2r(l—r+1r"—---1], where r=e™"
&
1 1 Ir | 1 2~
- 141 E] l 4
11— 1 feT —e 7 1 a3
= = == | —/——— | ==tanh | —|.
.s(l-a-r"”-") 5 ({_‘f‘—i-r"'-l-‘) 5 (2)

Example 3.4.4 (The Laplace Transform of a Periodic Function If f(t) is a periodic function of
period a, and if L {f(t)} exists, show that

FIf(t)} =1 —exp(—as)]" [r""',.l"l'.f]rfi. (3.4.11)

o

We have, by definition,
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i

Z{fin)}= [r S (t)dt = [..f'"’_rr_rw + ’ﬂ — f(t)dt.

I L1

Letting t =1 + a in the second integral gives

fis)= | e ft)dt + exp{—sa) | e f(7 + a)dr,
I

4] [
Which is, due to f(tr + a) = f(t) and replacing the dummy variable t by t in the second integral,

i

= [r‘""ﬂ-"]r:’f + exp| —sa) [‘ — f(t)dt
.'I

I:':- [}

Finally, combining the second term with the left-hand side, we obtain (3.4.11). In particular, we
calculate the Laplace transform of a rectified sine wave, that is, f(t) = |sin at|. This is a periodic

E¥

1 \We have

-

function with period

T [e**(—acosat — ssinat)]™ a {1 +l"3~'}'1|:—%”
£ ::!lm!r!.f—l - = | = 3 3 .
| (82 + a%) (&7 a7

J o
(1]

Clearly, the property (3.4.11) gives

: {1(—)%—)]
Using Example 3.4.4, we can solve Example 3.4.3. Clearly, f(t) in (3.4.9) is a periodic function of
period 2a so that
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Zn

fis) = ;f Flty et dt
1]

k — E—E'!I..i

1 2o
T — [[ g5t de — / g :H] it
L —e=2 | o Ja

1
= _. |:: [1 _t,.—.-ll'l +F—_r.r.-l - r:—su]] f.”

THEOREM 3.4.3 (Laplace Transforms of Derivatives)

If & {f(t)} = fis). then

2V} = .w__“f{f[.']} — f(0)=sf(s) — f{0), (3.4.12)
LA 0} = L {f(1)} = sf(0) = f(0)=5"F(s) — s F(0) = £'(0). (3.4.13)
More generally,

L)) =" f(s) = s"7LF(0) = s" 2 F(0) — - — sf ) - £ (0),

where fi7(0) is the value of f''(t) at =0, r=0,1,....(n—1).

PROOF we have, by definition,

271} -—fr"”’f'if]d#-.

0

Which is, integrating by parts
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=

= [e7™f()]; + .:fr.‘-"‘fcr].-a‘r

= sf(s)— f(0),
In which we assumed f(t) e—st — 0 as t — oo. Similarly,

L) = s L) - o). by (3.4.12)
= s[s fis)— f(0)] — £'(0)
= &*f(s) — sf(0) — f/(0),

Where we have assumed e—stf (t) — 0 as t — o

A approach similar to this may be used to demonstrate the overall conclusion (3.4.14). Notably,
when the Laplace transform is used to the partial derivatives of a function of two or more

independent variables, the results are quite similar to those obtained above. u(x;t) is a function of
the two variables x and t, for example, and it is defined as

7
. {—j__; } = sz, 5} — ulx.0). (3.4.15)
iFu & it
i e R e 1 e ] T ) — | : (3.4.16
Z {H‘J‘f} i ) — & ulx, ) L”]M” i)

glon) o8 plow) &% (3.4.17)
dr dx o dx?

As a result of the results (3.4.12) to (3.4.14), it can be concluded that the Laplace transform
converts the differentiation process into an algebraic operation. As a result, the Laplace transform

may be utilised to solve ordinary or partial differential equations with high efficacy in this context.

Example 3.4.5 Use (3.4.14) to find & {"}.

e g e i

Here f(t)=1", f'(f)=nt""",--- , f"t)=n! and f(0)=Ff'{0)=---=
J,—-'.-u B0y =0. Thus,

LIl =% {,;'i'-"m} — 5L [ (1)} =52 {t").
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Or,

n!

I
£t} = =2 {1} =——.

3.5 THE CONVOLUTION THEOREM AND PROPERTIES OF CONVOLUTION
THEOREM 3.5.1 (Convolution Theorem).
If % { f(t)} = f(s) and % {g(t)} = 7(s). then
LU+ g(t)} =2L{ (O {glt)) = fl5)g(s). {3.5.1)
Or, equivalently,
U F(s)d(s)) = Flt)=glt). {3.5.2)

Where f(t)*g(t) is called the convolution of f(t) and g(t) and is defined by the integral
flty=glt)= [IH —TlgiT)dT. (3.5.3)

The integral in (3.5.3) is often referred to as the convolution integral (or Faltung) and is denoted

simply by (f * g)(t).

PROOF We have, by definition,

.f’{f{f'}# glt)}= [r‘_ﬁr.llf fit —1)glT)dr, (3.5.4)
i i

4] |

Figure 3.2 depicts the zone of integration in the t plane, where the region of integration is as
depicted. The integration in (3.5.4) is done first with respect tot fromt =0 to t =t of the vertical
strip and then with respect to t from t = 0 to t of the vertical strip by moving the vertical strip from
t = 0 outwards to cover the whole area beneath the line t. After that, we reverse the order of

integration such that we integrate first along the horizontal strip fromt = 0 to t = 1, and then along
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the horizontal strip from t = 0 to t = 0 by shifting the horizontal strip vertically fromt=0to t = 1.

As a result, (3.5.4) is transformed into

=

Z{flt)sg(t)}= /mrmr f e~ f(t —T)dt,
J

=7

Which is, by the change of variable t — 1 =X,

= o~

L f(t)alt)} = [H'-r"]ff-’ ’J e~ =47 f(x)dr

0 L]
e

s
= [f“”{.r-!rlldr [f T8 f ) de = gs) fls)
i

]

1
A -
_..-"’"-‘
2N il 1<t<oco
A3
0 > t
=0

Figure 3.2 Region of integration.
This completes the proof.

PROOF (Second Proof.) We have, by definition,

0 =

fis)a(s) = [r""fir:rlff‘r:j e glp)du

i} il
oD O

o [ /f —.-c{n+!-f'ﬂll'[r]-]”[p]tfﬁl!'.lrlfj_ (3.5.5)

00
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This is shown in Figure 3.3, where the double integral is taken across the whole first quarter R of
the plane R, which is bordered by the values of 0 and 0, as seen in Figure 3.3. (a). In the t-plane,
we alter the variables = t, and then we change the values of the variables t, and then we change the
values of the variables t, and then we change the values of the variables t, and then we change the

values of all the variables. As a result, (3.5.5) is transformed into

~ T=¢

f(s)g(s) = /r"'dr f flt—7)g(r)dr

= ¥ {/.fi.r'— .-"I::,r':.'lr.f-'}
il

— Z {f(t)=q()}.
] (a} T (b}
A A
" o-0 e A =0 =

Figure 3.3 Regions of integration.
This completes the second proof.

PROOF (Third Proof.) By definition,

St =git)y= /..:""" [[_.Irl.f - ._]:!J'I‘T:I.'J'TI df .

Now using the Heaviside unit step function, we can write
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.'z"{_,lrln",l H”llf.l} = /t-.'s!.uﬂ / Irl." — 'TJI‘II" — T_':!,l'['r:lffr
it

1
o 0

= / gl7idr [rr""‘jt_! —7T)H(t — 7)dt
i o

= f&'_"'_j-:[s]gp:_r'lr.l'T using Theorem 3.4.2

u
==

= Jr',:_.-.;] /.--_"'_I{;[T:uf'."—J:l:-“],ﬁ'[-":'-

1]

This proves the theorem.

Note: A more rigorous proof of the convolution theorem can be found in any standard treatise (see
Doetsch, 1950) on Laplace transforms. The convolution operation has the following properties:

Fity{g(t)=h(t)} = { F(t)=g(t)}+hi(t), [ Associative), (3.5.6)
flt)=g(t)=gl(t)=f(t), (Commutative), (3.5.7)
flty={ag(t) +bhi(t)} = af(t)+g(t) + bf (t)=h(t), (Distributive), (3.5.8)
flt)={ag(t)} = {af(t)}+g(t) =al f(t)+g(t)}. (3.5.9)
L frxfoxfax - xfu} = fi(s)fals) - fals), (3.5.10)
LA ={fs)}" (3.5.11)

Where a and b are constants. f *n = fxfx...xf is sometimes called the nth convolution. Remark: It
is obvious from (3.5.6) and (3.5.7) that the set of all Laplace transformable functions is a
commutative semigroup with respect to the operation. Because fgl does not, in general, have a

Laplace transform, the collection of all Laplace transformable functions does not constitute a

group.
We now prove the associative property. We have

[

£
fit)s{g(t)=h{t)} = /_ﬁr] [_r,l[f—rr—-]hlalrfrr dr (3.5.12)

i 0
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i f

= [ hle)
J .

= hi{t)=] f(t)xg(t)} ={f(t)xg(t)}*=h(t). (3.5.13)

[ gt — T — ) flridr do

i

where (3.5.13) is obtained from (3.5.12) by interchanging the order of integration combined with
the fact that 0 <o <t—-tand 0 <t <timply0 <t <t— 0o and 0 < ¢ <t. Properties (3.5.10) and

(3.5.11) follow immediately from the associative law of the convolution.

To prove (3.5.7), we recall the definition of the convolution and make a change of variable t — 1 =

t . This gives
t

L
flt)=glt) = [f[r — Tlg(rhdr = [_q[f — ") ("t = g(t)=fit).
o i

The proofs of (3.5.8)—(3.5.9) are very simple and hence, may be omitted.

Example 3.5.1 Obtain the convolutions

, 1
(a) t=e™, (b} (sin at+sin at), Fo} —— gt
\a) e ST fl ¢ ‘..Er
(@) 1625200 () cost*e™, () t+t=t.
2 Vat?
We have
i {
g Y 1
lﬁ:l r:.:,c”" - I_r-I-.I-- Id'l_ == r_ur I_r_—|l1'”ll_ o —.n:r"“l S e J.:I_
u B I'-l‘Z
(1] [h]

£

- (sin at — af cosat ).
1

i

(b =inat+=inat = [5':1] ar sinal(t — 7)dr =

i)

¢
L_=-=<"“ = L / L: st—Thdr
Wi VIS T

1]
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Which is, by putting ¥~ **
£ vat
1 _} £ 3 I'":h
l,_—xr’-ul s T? ’[ e " dr =—=erf (Vﬁ)
ot v/ Wil 4 A
(d) We have
—a® i R e
]-a%! _ = - “,: : —575 0T
S oafm § 21,'.-'.4 s ol
i
il
==

Which is, by letting 2vT

= )

2 2 i
=— [ e~ " dr=erfc (—_)
v 24/t

)

¢ :
3 ) 1 B -

(e) cost = e*= [ cos(t —T)e¥Tdr== [ 2 {7 7T iy

) 2

.|| -I::I

gilt—T)+27 g it—T+3r 2 a4 L 2 \
B g = =t + = (5ini{ — 2 cost

Bz—19) | 2@+ | 5 5 o

I‘-‘

t i
; 1., 1 ;
(f) (txt)xt= [[f—r‘ﬁrdr xr——,f"w——,[[r—,—].—'*d.—.—
1 i) [+
i} ]

5

Example 3.5.2 (a) Using the Convolution Theorem 3.5.1, prove that

Cim)T(n)

k. e il e (3.5.14)
[(m+n) J

Bim.n)=

Where I'(m) is the gamma function, and B(m, n) is the beta function defined by
I
Blm.n)= [.a'"l_ 11— )" e, (m>0.n>0) (3.5.15)

il

(b) Show that

105



www.novateurpublication.com

Tt =t B+ 1 a4+ 1), (3.5.16)

(a) To prove (3.5.14), we consider

fihl=t™Ym=0) and g(t)=t""1. (rn>0).

Ci{m) .. Ifn)
. fls) = —— and jls) = —.
Evidently 5 s
We have

E
f=q= [.—"’_]Lr - r:l"_]dr—_E'_l{flfsj_@f.s-]}
i
= T(m)['(n)g {s ™
Cim)Cn)
" T(m+n)

l;:l'r.-J-r'u— L

Letting t = 1, we derive the result

1
FimT(n)  [(m—1r—1)
I_ru—] 1 — .u—]llll__ - :
/ \ A C{im +n) (m+n—1)

0
Which proves the result (3.5.14). (b) We have, by Convolution Theorem 3.5.1,

_im+1)Tin+1) Iim+1)I'n+1)

g+ 1 gn+ 1 __-srrl-i- n+2

Ly =2 {1} # {1}

Using the inverse Laplace transform, we obtain

: 1
e —Hrai--—l]ri?r'—i]-f_l{ =Y 'J}
__,gﬂ'l g T

m—4n+1
=Im+1In+ 1} 5
(m+ 1)l'n+1) Cim+n+2)

=t" "B m 4 lant+1) using (3.4.14})

1
- rru—lr--l/- _ﬂ'"ll:I,—J"J“ffJ‘.
i
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3.6 DIFFERENTIATION AND INTEGRATION OF LAPLACE TRANSFORMS

THEOREM 3.6.1

If f(t) = O(eat) as t — oo, then the Laplace integral

e

[r = () dt, {3.6.1)

Is uniformly convergent with respect to t provided s >al where al > a.

PROOF Since
e f(t)| < Ke ™ < Ke ™% foralls>a
p —t{ay—a)
And ©  _ dtexists for al > a, by the Weierstrass test, the Laplace integral is uniformly

convergent for all s>al where al >a. This completes the proof.

In view of the uniform convergence of (3.6.1), differentiation of (3.2.5) with respect to s within

the integral sign is permissible. Hence,

o0

d. - d

—Js) = —

— st gy G "0 —uk ELg
p 5. £ Fit)dt / mr Fit )t
il

[F]
= — [Ifi.\‘]r T = — F [tf(1)}. {3.6.2)
1

Similarly, we obtain

a2

1~ - A

%f{“] = (-2 {0} (3.6.3)
=2

ﬂlH F o 3 o X
—f(s) = (-1’2 {£*f(1)}. (3.6.4)

More generally,
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d"

ﬁfwl—t—l?"' " f(H)]. (3.6.5)

Results (3.6.5) can be stated in the following theorem:
THEOREM 3.6.2 (Derivatives of the Laplace Transform).

If 2 {f(t)}= f(s). then

j"’ g Ir[”]r S = “_HE:I i_:!.Ei.fj!-

Z{t"(f+g)(t)} —:—1]”F [fis)a(s)] . (3.6.7)

Wheren=0,1, 2,3, ...

Example 3.6.1 Show that

n! 52 -

{a) 2 {t"e ™} = (b) ¥ {!f.wuf}— —

':.\' 1k ”]H—l ¥

.'i‘ —rr”,l '
T 2as d - :
tc) - {l‘hmuf} m. |C],| {ffIf]}_—{-"‘mf':-‘l'i'fl'*:'}-
!
I:t_l ?{f"} = T
(a) Application of Theorem 3.6.2 gives
il | ’ n!
j_&' ,f” || & ‘ -_]'_:'rl :
{ ]f = nr'\" (% +a) = / (& + a)™t]
s 54 —n?
(b L tcogat}=(—1)— = —_
) { 3 ]d«:(.-' -i-n':) (5% +a?)®

Results (c) and (d) can be proved similarly. (e) Here we have

Tl ] i
L {tm 1l =(— lﬁf'L L (=12 e =

]I ng ! Srl--] ‘srl-i-]-
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THEOREM 3.6.3 (Integral of the Laplace Transform).

If L {f(t)} = f(s), then

i
() {ﬂ J} /J'w:-fh {3.6.8)

t
(6] [ f[-#'lnr\'— Er!';f 13.6.9)

PROOF (a) In view of the uniform convergence of (3.6.1), f(s) can be integrated with respect to
S in (s, ) so that

/_f[.a'm.s-— /lf."-ff-_'“:_ﬂf]l.rf— / fit)di [r'”"qf.f

n 1] &

- [ 10},

If f(t) = 1t ddt g(t) and g(0) = 0, then it follows from (3.6.8) that

a8 i i, 1“ d | ‘-
fi=) .I{TFH[J‘-J} I[.z{ﬁsml}da _[mu.leﬂ-

(b) In view of uniform convergence of (3.2.5), the interchange of the order of integration is valid
so that

[f[\}(!"s—[ = ['_ _Ir[f':lnrf—[,r[f} [ ] dt = [IT
; . )

This proves the theorem.

For example,
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sint

== ;. ) .
/—rﬁ /zf{-imf}u“s— %—Ihm te| =

Example 3.6.2 Show that

oo exp(—ay/s),
[

o | SinO - e . N i —a® fdl 2
oo [ — ™ £— v e [cOSDE —sinat {52 4 a2
(o) & {—# }—.In (—S_b}. (d) # {—r }—In 1'|."I_.~<2—£|3'

(a) Using (3.6.8), we obtain

{111:::!}_rl J‘ s — K

am—1L &% -1 ja
Sy = — tan [_:] =tan [.T]'

I I:,.—II_._l'-H‘ = £ = uuF
(b) & T [f Jids = [ ds, by Table B-4 of Laplace
VI

Transforms, which is, by putting a Vs=z,

(c) Using (3.6.8), we obtain

51| U | § 20
A=) [ e
t . |5—b s—a
X 1 1
= ]im/ {———] s
X—oo f, s—bh s—a

I I X—b I s—0h
= lm [In —In
X X —a 5—a

= In(l) —In 5
5 —

(d) In this case, we have
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cod bt — ooz at i ) .
o {%} = [ Z{(cosbt — cosat)}
P & 8
- /i s2+b s2+q? o4
1 X 25 g
- li = i:
' xmug._f {.—s'-'—b2 .-;3-9-:43}'%

2
1 . [ ."'.-2 + .&'2 +- I"I
= = lim |l]|| — —In — FJ
2 X500 | X%407 5 +a”
1 [ .T: + -FJ! | & + uz
= = i 1 -1 .
D X | XZ¥aZ) 3 2Tl
Thus,
cos bt — cos af 1 /&2 + n?
e — r=—Inl+Iny/——
{ t } 2 11.' 22 4 b2
I [5% +a?
= ny/ — =i
1‘;‘ 5+ h°

THEOREM 3.6.4 (The Laplace Transform of an Integral).

If L {f(t)} = f(s), then

Aipi f(s) e
s FITIAT } = S, (3.6.10})
{;./ } ;
PROOF We write
g(tl= /If':.."lr.l".—
so that g(0) =0 and g (t) = f(t). Then it follows from (3.4.12) that
i
fls)=Z{fit)} =2 {d (1)} ==23a(s) —u‘{ / _.Fl'rm.—}

The result is obtained by multiplying both sides by s (3.6.10). We can see that the Laplace
transform of an integral corresponds to the division of the transform of its integrand by s, which is
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a useful property to know. The result (3.6.10) may be used to determine the value of the inverse
Laplace transform (3.6.11).

Example 3.6.3 Use result (3.6.10) to find

¢ t

(a) {[ & ""f-} (b) % {Sifat)}=2 {/“m”r }
i

{c)] & {['J‘ * ”_]|.~_:m‘.-}
i

(a) We know

nl

P [i"e ) =

(s+a)+!

It follows from (3.6.10) that

t
; sls+a]™v
i

(b) Using (3.6.10) and Example 3.6.2(a), we obtain

¢
" ginar 1 it
B iry=—tan~' [ =]
{/ — } — tan (‘sj]

(c) By Theorem 3.6.4, we have

t
|
2 { [';f * _:,-_:-f,_."lu'r} ==2{(f*+g)(t)} == f(s)als).
: = 5

3.7 THE INVERSE OF LAPLACE TRANSFORM AND EXAMPLES

A prior demonstration proved that the Laplace transform f(s) of a given function f(t) may be
determined by direct integration of the function f(t). We'll now have a look at the inverse of the
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issue. How can we determine the unknown function f(t) given a Laplace transform f(s) of the
unknown function f(t)? This is primarily concerned with finding a solution to the integral equation

(see below).
/ e f(t)dt = fis). (3.7.1)

At this stage, it is rather difficult to handle the problem as it is. However, in simple cases, we can
find the inverse transform from Table B-4 of Laplace transforms. For example

f'{l} =1y 4 { — }— at.
L 5T ac

For the most part, four approaches may be used to derive the inverse Laplace transform. These are:

| partial fraction decomposition; (ii) the Convolution Theorem; (iii) contour integration of the

Laplace Inversion Integral; and (iv) Heaviside's Expansion Theorem.
(i) Partial Fraction Decomposition Method

If

f(s)= M_ﬂ (3.7.7)

qgls)’

With respect to the case where p(s) and g(s) are polynomials in s and the degree of the polynomial
p(s) is less than the degree of the polynomial g(s), it is possible to express f(s) as the sum of terms
that can be inverted by using a table of Laplace transforms using the method of partial fractions.

We demonstrate the approach with the help of simple illustrations.

Example 3.7.1 Show that

1 1
2’"{—_ ]}——ir'”—]l
=hlF — il (£

Where a is a constant. Using partial fraction, we obtain
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1 _ 1 1 1
s(s—a) als—a s } '
Thus, we have

e o
sl -

1
= _l:r_lﬂll - J.II.
a

Example 3.7.2 Show that

| 1 ginat  =in bt
o s L, ey
{ (52 +a?)(s2 + h-"’}} b —a? a ]

We write

1 1 1 1
P -t e -
{ (52 +a®)(s? + fr'fil} b —a? | s +a? S+

- 1 sinat Hinbf)
- (b* —a?) i b )

Example 3.7.3 Find

n._v_.-

L e
2+2s+5

We have

g -1 .‘4—:: _ g1 1+h~J
(s+1)*+4 f*+l]——3
_ gp—1 s+1 o =1 2
-+ {”4-11—— }T"J' {H+l]-—7-}

t

=¢e Teos 2t + 3o sin 22,

Example 3.7.4 Evaluate the following inverse Laplace transform

G- 252+ s +T )
i (s —2)s2+4ds4+13) |
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We have

.2(._| jﬁj_rl:"'k? _.:{&,_J |. + ."'.5+2 e 1
(8 — 2} (5% + 4=+ 13) g—2 {(s+22+3 (24272432

1 3
—
"3 {[.«5—2|'—’+3—‘}

4 ; 1 .
=t p e Moot + - e~ gin 3¢,

(i) Convolution Theorem
We shall apply the convolution theorem for calculation of inverse Laplace transforms as follows :

Example 3.7.5

f'_] —l = 1=i-=r'ml = /Ir"'_:f.‘ = —[;"' —1)
) Bles—a) 5 a )

Example 3.7.6 Show that

e 1 1
& ]{ﬁ}_—_,(f——ﬁlllﬂ'f).
g8 1+ a) - fi

Here we obtain

o 1 B hsiuuf
5252 +a?) i

t

1 .
= [l:f — ) sinar dr
it

|
i 4
{ ! 1 p
= = [ sinardr — = | Tsinardr
a . '
¥l (1]

(¢~
= — | t——s=smnat |.
a= a

Example 3.7.7 Show that
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&0 =1 _] Y
' (3% +a%)?

2a’ (sin at — at cos at).

Using the Convolution Theorem 3.5.1, we obtain

g1 { 1 } _ sinat *:-'-in-rr

{2 +a?)? il i

L
= / sinatsin alt — 7)dr
a2

o

R .
—i{&inat — af cosat ).
D

Example 3.7.8 Show that

1 |‘.u.l P
o 2 {r_} =— r.'.l"_irl v at).
v

sls —al W

Here we have

If 1 1
N —t = =" (a = 10)
VvEls—a) vt

wat
2e™ 3 :
= =— [ 7" dr, (putting./aT=r)
W i
0
r_':l.l' —_—
= £ _ e (/). (3.7.3)
Ja

Example 3.7.9 Show that

1 A
s {-_: = x} s (;—‘J—) _ (3.7.4)
5 241

In view of Example 3.6.2(b), and the Convolution Theorem 3.5.1, we obtain
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Example 3.7.10 Show that

|. J. 3 - .
Y- { = } == J__t —aexplta” Jerfelav ), (3.7.5)
ys+a F
We have
Z:, =1 t _ f | i _ i
Vita ’ V3 VElVE+a)
= _f—l{L_}_”r _1{ l:.-i.u—ﬂﬂ }
V'E vals —a®)
¢! : e ! 1 Fqte !
g VE < 5—a? e V(s — a?)
1 = 3 P T P, §
= —— g expact) + aexplat) erf{ayt). by (3.7.3)
s I Pt ;
vl
1 i
= ——a explat)erfela V).
v wl

Example 3.7.11 If f(t) =L —1{ f(s)}, then
R {%f[s}} = [,r[d-m;-_ (3.7.6)

We have, by the Convolution Theorem 3.5.1 with g(t) = 1 sothat g(s) =1
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= / Flz)dr by putting —7=z.

(i)~ Contour Integration of the Laplace Inversion Integral

In Section 3.2, in inverse Laplace transform is defined by the complex integral formula

ctioc

e . 1 ==
LHF($)}=f(t)=— [ e f(s)ds, (3.7.7)
AT

C—1D0

Where ¢ is a suitable real constant and f(s) is an analytic function of the complex variable s in the
right half-plane, c is a suitable real constant and f(s) is an analytic function of the complex variable
S $>a $>a $>a S$>a S$>a S>a S>a $>a $>a s>a S>a s>a It is dependent on how the singularities of f
behave in order to determine how to evaluate (3.7.7) in detail (s). Typically, f(s) is a single-valued
function with a finite or enumerably infinite number of polar singularities, as opposed to a
multivalued function. It is common for it to have branch points. The path of integration is the
straight line L (see Figure 3.4(a)) in the complex s-plane with the equations =c + iR, IR, Res =c¢
being chosen so that all of the singularities of the integrand of (3.7.7) lie to the left of the line L.
The path of integration is the straight line L (see Figure 3.4(a)) in the complex s-plane with the
equation s = ¢ + The Bromwich Contour is the name given to this line. Figure 3.4(a) illustrates
how the Bromwich Contour is closed by an arc of a circle of radius R, and then the limit as R is
used to extend the contour of integration to infinity, ensuring that all of the singularities of f(s) are
included inside the contour of integration. When f(s) has a branch point at the origin, we construct
the modified contour of integration by cutting along the negative real axis and drawing a tiny
semicircle around the origin, as illustrated in Figure 3.4. Figure 3.4: Modified contour of

integration with branch point at the origin (b).

118



www.novateurpublication.com

Ims

= |m 5
—
b

8 +R B
r = cH =
L L
A L, |
7 = > Fes ) = > Ras
[ "_'. La !
i c-iR

(b}

Figure 3.4 the Bromwich contour and the contour of integration

In either case, the Cauchy Residue Theorem is used to evaluate the integral

[r“"f[s]ri.-‘+ [{"'_,I'T[-‘s:'r.r-i— [f"_f[-‘s?ds

L I L
= 2mi x [sum of the residues of est f(s) at the poles inside C]. (3.7.8)

Letting R — oo, the integral over I' tends to zero, and this is true in most problems of interest.

Consequently, result (3.7.7) reduces to the form

e+il
. 1 at 7 ; . s Fii
”llll] e e™ f(s)ids = sum of the residues of e f(s) at the poles of f(s).
—+00 2mi

= _.lllll

(3.7.9)
We illustrate the above method of evaluation by simple examples.
Example 3.7.12

If fis)= ==, show that
L L gt e
filt)= = e* F(s)ds = cos at.

L

C—roo

Clearly, the integrand has two simple poles at s = xia and the residues at these poles are
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By = Residue of ™ f{s) at s=1a
st
& 1
= lim {8 — i) ———= =™,
=sin J[.w! +a) 2
R2 = Residue of €™ f(s) at s=—ia
-".if"l\‘II
— lim (34 ia) - = =gt
5__1H|.-< "“J_l:_.-# PP i
Hence,
[ty o = =
\ 1 st g 1. iad — i
ff.fll—_)—_ e flslds= Ry 1—:'?:-;“ +-¢ | = cosat,
i 2
c—ia0

As obtained earlier.

If g(s) =est f(s) has a pole of order nat s = z, then the residue R1 of g(s) at this pole is given
by the formula

Jl.l.'— 1
Ry = lim :

e (n— 1) ds1t [(s —=z)"g(s)]- (3.7.10)

If g(s) =est f(s) has a pole of order nat s = z, then the residue R1 of ~g(s) at this pole is given

by the formula

!lu—l

R = lim -

Im e — 2] (3.7.10)
This is obviously true for a simple pole (n= 1) and for a double pole (n = 2).

Example 3.7.13 Evaluate

1
L
(2% + a2}

Clearly

se™

T ot F
gis)=e fl8ls—7F—==
gl f (52 +a2)2
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Has double poles at s = +ia. The residue formula (3.7.10) for double poles gives

i . 1

o se”
By = lim —|(s— mI'J—
s—+ia (1% (5= = :I |
oy
I d [ se* e
= 1lim = 1 = - B
s—+in dg | (5 +ia)® din

Similarly, the residue at the double pole at s =—ia is (—t e—iat)/4ia.

Thus,

t
f(t) = Sum of the residues = — (" — 7"} = — sinat, (3.7.11)
din 2a

as given in Table B-4 of Laplace transforms.

Example 3.7.14 Evaluate

-1 cosh{or) _ . I.':'E_
5 E"U.'-w']![nf_:l 1I, P
We have

CT100

ai l:"-.hhl.lu:l s
_.rff:l—— [ i _—

f:J'\h"rlF,l 8
C— oo

rt‘T'
=—[2n+1) —

Clearly, the integrand has simple poles ats =0and s =sn 477 wheren=01.2, ...

R1 = Residue at the pole s =0is 1, and Rn = Residue at the pole s =sn is
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. 3 mr
exp(—s,t) cosh {J['Zr.- + H?}

i {5
S o pOEN L -
[ ds {m "V a H_
4{—1)nH (2n+ 1) : T
= — == — 1 2 —
|'2n—l:-rmp[ { 5 it m.{[_n+1?2{ }

Thus

fit) = Sum of the residues at the poles

= 5 L
=14 —Z =) exp | —{2n + 1|'—h:
(2n+1) 4

T
Sp— {5 Liakhst I- L 9
K((}:\{._Ji"l'”?! } (3.7.12)

as given later by the Heaviside Expansion Theorem 3.7.1.

Example 3.7.15 Show that

— iy s ] ] i
,,Ff.?]—..“{"’{e } —_ [—Npl.sr—uy'fs:uds
2'.' 5
—.m( = ) (3.7.13)

The integrand has a branch point at the value of s = 0. We use the contour of integration shown in

Figure 3.4(b), which removes the branch point at s = 0 and therefore simplifies the problem.

Consequently, the Cauchy Fundamental Theorem provides

] : : : —_— |r|‘
3 ] + [—] + [—]] explst —a 1_,-"'.‘.'II——U. (3.7.14)
A R A /- )

It is shown that the integral on I' tends to zero as R — oo, and that on L gives the Bromwich

integral. We now evaluate the remaining three integrals in (3.7.14). On L1, we have s = reinr = —

and
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a 0

, i ' — 5 : odr

/L*xpl_:ﬂ’ — i/ 3) o = / expl st — ay/5) e /vxp{ —(rt +iay/7)} ol
5 g 8 r

— a0

i i

On L2, s =re—in =-r and

T is [ ir
il [:'.\:p-{—r! + iay/T} s
v

; Is
j expl st — ri'y"'._x']: = [ expl st — riv’;_l _—
& g f

L, ] n

Thus, the integrals along L1 and L2 combined yield

— D0

o II . . ._. .
—2;[re'”m.[m.f'?]i——.u [r" tE M e, (Vr=z). (3.7.15)
r T
i} 0
Integrating the following standard integral with respect to f3
T ! 'l'u_ : |j2
[r TN pos (20x)dr = e EXP (——a) (3.7.16)
; 20 as
1]
We obtain
o VI'_ =)
1 _31q2 5in28x T ) By
3 .[r T-’JU = I[ eXp (_ﬂ_j) ds
i 0
. :'.i.-'u.
= # [ e~ du, (4= mu)
o
T b
= TF?I(—). (3.7.1T)
4 i

In view of (3.7.17), result (3.7.15) becomes
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o
. o, SN LT _
— 4 [('Ki!l —1z”) T = =2 r-r'f( u_). {3.7.18)
: 1 Vi,

i
Finally, on y, we have s =reif, ds = ireiddd, and

/ | exp( st — ay/5) B i [m;p (r'f cosf — a+/reos g} df

=1 [u‘ﬁ' = 2mi, (3.7.19)

In this case, the limit as r O is employed, and the integration from r to r is swapped to produce r in
the counterclockwise manner, resulting in r. In this way, the final result is derived from (3.7.14),
(3.7.18), and (3.7.19) in the following form:

-~ e ==
o e v | ! — s
o=l {— = — explst — ay/'s) —

(iv) Heaviside’s Expansion Theorem

Suppose  f(s) is the Laplace transform of f(t), which has a Maclaurin power series expansion in

the form

2k r

r.
=3 ar—. (3.7.20)

Taking the Laplace transform, it is possible to write formally

o

fls) =3y == (3.7.21)

—H{l
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Conversely, we can derive (3.7.20) from a given expansion (3.7.21). This kind of expansion is
useful for determining the behavior of the solution for small time. Further, it provides an

alternating way to prove the Tauberian theorems.

THEOREM 3.7.1 (Heaviside’s Expansion Theorem)

F(s)= B\

If ©°" =) where p(s) and ~q(s) are polynomials in s and the degree of ~q(s) is higher than that
of p(s), then

=]
5=
]

l|'.l|,'~-.j !
expl o). (3.
{rjl "\|} ;rf|c|¢ : g I

Where ak are the distinct roots of the equation q(s) = 0.

PROOF Without loss of generality, we can assume that the leading coefficient of q(s) is unity

and write distinct factors of q(s) so that
Fle)l=({s—m s —aaz)---(8—agp)- 15— ayg). (3.7.23)

Using the rules of partial fraction decomposition, we can write

Where Ak are arbitrary constants to be determined. In view of (3.7.23), we find

n
¥ 5) _T Apls—mlls—oa)---(8—ap_q 18— syl 08— o, ).
k=1

Substitution of s = ak gives

o ) = Ap (o — o ) ap —as) - [ogp — apay) - (o — oy, ). (3.7.25)
Pl PaReys 1 k . a3 k1 : n

Where k=1, 2, 3,...n.
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Differentiation of (3.7.23) yields

q(s)= E[-" —(s—as) - (s—ap g )(s—agp)- - (s —a, )

Whence it follows that

7 log)={ox —oy){og —az) - (og —ap_y ){og — agg) - (og — ag)-
(3.7.26)

From (3.7.25) and (3.7.26), we find

-~ pl g )
qlog)

And hence,

pls) s~ plox) 1
gls) = qlog) (s —ag)

Inversion gives immediately

£5) bk
()5

i | o)

This proves the theorem. We give some examples of this theorem.

Example 3.7.16 We consider

7 SR S—
{s'-' —:-1.-—2}

Here fils) = 5. and §(5) = 3% — 35+ 2 =(5— 1)(5 — 2). Hence,

g1 2 I (2) 3 pll) g _
’ a2 —3s 42 §(2) g'i1) - '

Example 3.7.17 Use Heaviside’s power series expansion to evaluate
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T {“mhhﬂ} D<r=l1, 5 =1
s sinh /s
We have

1sinh /5 1 pEVE _ oz
& sinh /5 g

= =
EVE g

g—i1-x) WE r.—l'] +o)yF

—

[E—Li—zhﬁ_ﬁ—lj___r:.v’?](l F—_]\,JF)

[t'_[i —x)/F _ E_—ll—::'\-"?] Z E-x}-,{—ﬂ.ri';-"?,'l

n=(]

R IR R

_ %Z [uxp{ —(1— 24 2n)/5} —exp{—(1+ 2+ 2n) ..,.-'q}] ”

" n=0

Hence,

g1 1 ginh @,/
: 5 sinh /5

= ¢ 1 {%Z [Pxp{—l:i — x4+ 2n)vs) —exp{—(1 '—r+2r1‘.|~,-f’;}_|}
el
[Frfr l—zr-ir—._u)_rf(i+;v-|!—2n)]_

Example 3.7.18

n=il

s
Ifo= Va show that

1 4
oo —l]km-‘-’:{(k+—) Tr}e'«:p —[2!.+f:|z!ﬂ-,,
g [t'mh:u ] g iz 24 442
S

scoshaf (2k+1)

T i

In this case, we write

r Pl =) cosh oz
P UF)) =2 1B L _ 1 20T L
{fis)} {&I.‘.i*] scoshaf
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Clearly, the zeros of f(s) are at s = 0 and at the roots of cosh a= 0, that is,

o

¥ 1 = T. 3
at s=8.=1a (k+3) (TJ)  e=01.2,.... Thus

i 1Y mi
==t =] = k=012 ....
4 47 |Ihll e ( ,}) 7

Here p(s) = cosh(ax), q(s) = s cosh(a). In order to apply the Heaviside Expansion Theorem, we

need

{ 1
gls)= ;—g[.-%mﬁl] ol ) = cosh(al) + ;n-["sinlll:m.']_

For the zero <=9 4'(0)=L. and for the zeros at s = sk,

i 1 1 .
qlsg) = 5 (J.' - E) i - ginh [(R‘—!— ) m]
—¢°I.'+1:|m-min }:'—l T
L .i - T 2‘ J

— —(2k+ 1]% -caskr=(—1)FF {2k + 15%.

b =

Consequently,

_ coshiorr A (— 1) i
ool {3—LTH|1!'H" } =1+~ Z —['-’A' ey cosh (2% + jj—_}{ explts; )
I L il ||‘l.=|| il T &

4 (=14 TT
et 2N [I'.?.!:+1:|—J]
T | 27

[2F +
1\* n2at
® EXp [— (A‘ + ?) TP_:? }

W k=0 L
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CHAPTER 4

APPLICATIONS OF LAPLACE TRANSFORMS

In addition to receiving particular attention since antiquity, mathematical sciences are now gaining
even greater interest now as a result of their effect on business and the arts. The convergence of
theory and practise produces the most advantageous outcomes, and it is not just the practical side
that benefits; research advances as a consequence of its effect, as it finds new areas of study and

new elements of mathematical sciences..."

"... Partial differential equations serve as the foundation for all physical theorems...." In the theory
of sound in gases, liquids, and solids, in the examination of elasticity, and in optics, partial
differential equations create fundamental principles of nature that may be tested against

experimental evidence."
4.1 INTRODUCTION

Ordinary or partial differential equations with proper beginning or boundary conditions may be
used to explain a wide range of physical issues of interest. In applied and engineering sciences,
these issues are often stated as initial value problems, boundary value problems, or initial-boundary
value problems, which seem to be mathematically more rigorous and physically realistic than other
types of problems. When it comes to finding answers to these difficulties, the Laplace transform
approach is extremely effective. For the solution of the response of a linear system controlled by
an ordinary differential equation to the starting data and/or to an external disturbance, the approach
is quite successful (or external input function). For more specificity, we look for the solution of a
linear system for its state at a future time after t = O that is caused by the initial state at t = 0 and/or
the disturbance delivered at t > 0. Throughout this chapter, we will discuss the solutions of ordinary
and partial differential equations that occur in the fields of mathematics, physical science, and
engineering. This chapter also covers the applications of Laplace transforms to the solutions of
certain integral equations and boundary value issues, as well as the applications of Laplace
transforms to the solution of certain boundary value problems. There are many cases in which it is
shown that the Laplace transform may also be utilised efficiently for the evaluation of certain
definite integrals. A few examples of solutions of difference and differential equations utilising
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the Laplace transform method are also included in this section. Solving a number of initial-
boundary value issues using the combined Laplace and Fourier transforms demonstrates how to
make efficient use of this technique. With the help of examples, the application of Laplace
transforms to the issue of summation of infinite series in closed form is shown. At the conclusion
of this chapter, it should be highlighted that the examples provided in this chapter are simply

typical of the large range of issues that may be handled by using the Laplace transform approach.
4.2 SOLUTION OF ORDINARY DIFFERENTIAL EQUATIONS

A linear system controlled by a differential equation may be analysed in terms of its fundamental
properties in reaction to starting data and/or to an external disturbance, as explained in the
introduction to this chapter. The examples that follow demonstrate the use of the Laplace transform
in the solution of some initial value problems that are represented by ordinary differential

equations.
Example 4.2.1 (Initial Value Problem)
We consider the first-order ordinary differential equation

da
OL - o P i) TR
5 T Flt), t =0, (4.2.1)

With the initial condition

)
st

rit=0)=un, (4.2.2)

Where p and a are constants and f(t) is an external input function so that its Laplace transform
exists.

Application of the Laplace transform ~x(s) of the function x(t) gives
sTs)—xl 0 |+ P FEI _|I:|- 5],

Or
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) e o LT (4.2.3)

The inverse Laplace transform together with the Convolution Theorem leads to the solution
ru
z(t) =ae P + / flt—7)e P dr. {4.2.4)
J

This naturally results in two terms in the solution: the first term, which corresponds to the response
of the starting condition, and the second term which is fully attributable to the external input

function f (which is the result of the external input function f) (t).

In particular, if f(t) = q = constant, then the solution (4.2.4) becomes

It is customary to refer to the steady-state solution as the first term of this equation since it is
independent of time t. The second component, which is dependent on time t, is referred to as the
transient solution. if p > 0, the transient solution decays to zero in the limit as t 0 and the steady-
state solution is reached in the limit. When p is less than zero, on the other hand, the transient
solution expands exponentially as time progresses, and the solution becomes unstable. Equation
(4.2.1) provides the rule of natural growth or decay process with an external forcing function f(t)
according to the condition p > 0 or p 0 in the context of a natural growth or decay process. It should
be noted that when f(t) is equal to zero and p is greater than zero, the following equation (4.2.1)
occurs quite often in chemical kinetics. The rate of chemical reactions may be described by such

an equation.
Example 4.2.2 (Second-Order Ordinary Differential Equation

The second-order linear ordinary differential equation has the general form

Illzii' -".lr.i'
—+2p—+gr= f(t). t =100, (4.2.6)
&z T 2p g teE=i ’
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The initial conditions are

f.
r(t) =a, %—jm—& at t=0, (4.2.7ab)
i

Where p, g, a and b are constants.

Application of the Laplace transform to this general initial value problem gives
s*F(s) — sx(0) — 2(0) + 2p{s 2(s) — 2(0)} + q&(s) = f(s).
The use of (4.2.7ab) leads to the solution for x(s) as

(s +pla+ (b+ pa) + f(2)

Fs)= nt=g—p’. {4.2.8)

(s +p)* +n?

The inverse transform gives the solution in three distinct forms depending on g > = < p2, and they

are
: 1 .
(t) = ae ™ cosnt +—(b + pa)e " sinnt
n
'
1 [ kg % .
+ - t —7)e P smnrdr, when n =g —p® =0, (4.2.9)
ee ] — T
0
T(t) =ae ™ +{b+ pajte —Ft
t
+ {t — 7Y T e Fdr, when n® =g — p* =10, (4.2.10)
j— I
0

; 1 ;
x(t) = ae " coshmt + — (b + pa) e ™™ sinh mit
m
t

+=— [ flt —7)e * sinhmrdr, when m®=p® —g=0.(4.2.11)
i
il

Example 4.2.3 (Higher-Order Ordinary Differential Equations) We solve the linear equation of
order n with constant coefficients as

f(Dz) =D "z 4+ a0 D" x4 aa D" 22 4 - dax=d(t), L0,
(4.2.12)
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With the initial conditions

witi =z, Dzit)=z1. DPxltl=ze...., Dyt =anoq, ati=0,
(4.2.13)

i
D=— . . .
Where dt is the differential operator and x0, x1,...,xn—1 are constants. We take the Laplace

transform of (4.2.12) to get

(s"F — 8" ey —s" 2y — e — T2 — J"n—L]
g T i —2 —
+ay (8" E—8"  Tg—8  Ti—-rr— Typioz)
— — i
+a {srl 25 _gnm 3 Ty — v — J'"_:-;}
4o tan (s —ag) ta, =0z} (4.2.14)
Or
foT n—1 n—3a Vo=
(57 + a8 + (225 + -+t a, ) T(s)

3 i —1 2 "
=) + (8" a8 T+t da_i)Tn

-2 -3 1 %
—i—|_.4rI +|;L.~.-” + - -t lip-2)T1 + ---1—I_r:<+|f1}l'r¢-z+.£'n-|

=ols) + 9(s). (4.2.15)

Where vy (s) is made up of all terms on the right-hand side of (4.2.15) except ¢ (s), and is a
polynomial i s of degree (n— 1).

Hence

Fs) Z(s) = als) + v(s).

Where
fls)=s"+a1s" '+ +a,.

Thus, the Laplace transform solution, ~x(s) is
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:-u[s:l - -a:[.v]

fis)

Iis) = (4.2.16)

Inversion of (4.2.16) yields

;-[r]—.?"{”_’“'_“}—.if"{i";'}_ (4.2.17)
fl:’.h‘l .||r|-"" 1

The inverse operation on the right can be carried out by partial fraction decomposition, by the

Heaviside Expansion Theorem, or by contour integration.

Example 4.2.4 (Third-Order Ordinary Differential Equations) We solve

3 3 i)
(D3 + D? —6D)z(t)=10. D= % £ 0, (4.2.18)
i
With the initial data
z(0) =1, #(0)=0, and £(0)}= 5. (4.2.19)

The Laplace transform of equation (4.2.18) gives

[s°2 — s22(D) — = 2(0) — 2(0)] + [*F — 5 2(0) — £(0)] — 6]z  — =(0)] = 0.

In view of the initial conditions, we find

_r S+s—1 2 rs—1
I8 = — .

(=) (s +5—0G) s(s+3)(s—2)
Or,

(3) = 11 N 1 1 N 1 1

= 573 513 2 5-2

(i) = E-r Er Tz Ef A (4.2.20)
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Example 4.2.5 (System of First-Order Ordinary Differential Equations Consider the system

f .

J;fl =131 +r1]3_1‘g—:|'}1[l‘:l

: (4.2.21ab)
ﬂ— S i f‘; “:.

4t (a1F] T+ daads + 0z
With the initial data

10 =210 and za(l)) =xag, (4.2.22ab)

Where all, al2, a21, a22 are constants.
Introducing the matrices

r.:rJ"]
Iy T @1y tgz
= ; == il B A= .

T f-lrifz a1 aaa

Byit) T
bt = and = i
ba(t) T
We can write the above system in a matrix differential system as

dr )
F =Ax+ bit), r(())=zq. (4.2.23ah)

We take the Laplace transform of the system with the initial conditions to get

(s —a11)T1 — ay2Fa = r1p + by (5),

—a1 L] + |:_.‘|' — rfgg]j'g =TFayp + f.i'g(_.‘.i].
The solutions of this algebraic system are

rwo+bi(s) —az s—an  Fio+bi(s)

I+ 'T?z':_-‘-'] 5 — g2 —dz1 T T 52[-‘5}

I I"Ei':l =

f-_.l-[_.\'_:l —

& =il —ilja2 8—ifl11 —i1=

—ila] & — @daa —ifla] & — oo

(4.2.24ah)
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Expanding these determinants, results for x1(s) and x2(s) can readily be inverted, and the
solutions for x1(t) and x2(t) can be found in closed forms.

Example 4.2.6 Solve the matrix differential system

d.r ) ] .
P = Ar, (0} (l) (4.2,

Where

. 01
J_(__,«-:) and .-i—(_j .1)'

This system is equivalent to

(5=
=]
on

r.rJ'] ra =)
et o :

drs

it

+ ';:'.i"| = -;.r': =1,

With

rzi{f=0 and =2(0)=1.

Taking the Laplace transform of the coupled system with the given initial data, we find

L] .|-"| === E_:- = ”.

257+ (s—3)Fa= 1.

This system has the solutions

s2—3s+2 -2 3-1
N s 2 1
e e R S —

Inverting these results, we obtain
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ri(t) =e* — ¢, ra(t) = 2™ — €.

In matrix notation, the solution is

oMk S
z(t) = (2*_ —"')- (4.2.26)

Example 4.2.7 (Second-Order Coupled Differential System)

Solve the system

d“xy

T; - -"?l.u"l = —1.!'-_:- =1)

8 t=10 (4.2.27)

d=rs A

dgp TR

With the initial conditions

i ] Fir Y

ri(t)=xa(t) =1 i—ﬂ sl i—H-rtr. t =1 (4.2.28)
dt it

The use of the Laplace transform to (4.2.27) with (4.2.28) gives

(57 —3)T; —4F2=2
F1+ (s +1)F2=0.
Then
2 +1) (s+1P+(s—1)? 1 1
'Pll:.'\.-l_ -[-_l f _I; ) [ a J = 3 + . i
(#¥ —1)° (s —1)° (s—1)2  (s+1)2

Hence, the inversion yields

zi () =1{e* + 7). (4.2.99)

1 1 1 1
s—1 s+1 (s—-12% (s+1)%]°
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Which can be readily inverted to find?

raft)==(ef —e7F —te' —te ). (4.2.30)

As an example, consider 4.2.8. (The Harmonic Oscillator in a Non-Resisting Medium). This is the
differential equation of the oscillator in the presence of an external driving force, denoted by the
letter f(t).

Ilrj.i" ¥
— - t2r =F (1), 4.2.31)
-7 twa Fi !

Where o is the frequency and F is a constant. The initial conditions are

r(ty=a, zt)=U at t=0, (4.2:32)

Where a and U are constants.

Taking the Laplace transform of (4.2.31) with the initial conditions, we obtain
s rw)Es)=sa+ U+ F f(s).

Or,

L vk i - F fis}
T{s) = — i ey =t
B g4 4w 1=

T (4.2.33)

Inversion together with the convolution theorem yields

L

‘
L. K :
rit) = acoswt + —sinwt + — [_.Iri." — 780 wrdr (4.2.34)

I
F'
= A cos{wt —¢) +— [_h‘r — T} sin TdT, (4.2.35)
0

R L8 B 1
where A= |a” + — and =tan _—
wl_ u.'ﬂ
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The answer (4.2.35) is made up of two words that go together. When the first term is applied, it
depicts free oscillations with amplitude A, phase, and frequency = 1, which is known as the natural
frequency of the oscillator. The second term is applied to the response to the first data, and it
defines a response to the initial data. The second term develops as a result of the external force,
and as a result, it depicts the oscillations that are compelled to occur. In order to study some of the
most intriguing aspects of solution (4.2.35), we choose the following situations of particular

interest:
(i) Zero Forcing Function.
In this case, solution (4.2.35) reduces to

Flt) = A cos(wt — a). (4.2.36)

This represents simple harmonic motion with amplitude A, frequency ® and phase ¢. Evidently,

the motion is oscillatory.
(i) Steady Forcing Function, that is, f(t)=1.

In this case, solution (4.2.35) becomes

E|:.,-I o

= Acos(wt — @) — == cos Wt (4.2.37)

ol

In particular, when the particle is released from rest, U = 0, (4.2.37) takes the form
T — I—) = [-!I = f—:) coswt. (4.2.38)

This corresponds to free oscillations with the natural frequency ® and displays a shift in the
L
equilibrium position from the origin to the point «w*

139



www.novateurpublication.com

4.3 PARTIAL DIFFERENTIAL EQUATIONS, INITIAL AND BOUNDARY VALUE
PROBLEMS

Several partial differential equations with given beginning and boundary conditions may be solved
using the Laplace transform technique, which is particularly effective in this situation. The use of
the Laplace transform technique is shown in the following instances.

Example 4.3.1 (First-Order Initial-Boundary Value Problem) Solve the equation
Uy + T, =T, r=>0), t=0, (4.3.1)
With the initial and boundary conditions

ulz.0)=10 for =z =1, (4.3.2)
w{lht) =1 for t=0. (43.3)

We apply the Laplace transform of u(x, t) with respect to t to obtain

. . di = _ .
sulr, 5|+ —=—, ulll, s) =L

-!f.i' &
Using the integrating factor xs, the solution of this transformed equation is

£

iz, 8)= AT b ——

gls+1)

Where A is a constant of integration Since u (0, s)=0, A = 0 for a bounded solution. Consequently,

N— - B .(1 1 )
ulr, 89y <(s+ 1} d P SR

The inverse Laplace transform gives the solution

wr t)=x(l—e"). {4.3.4)

Example 4.3.2 Find the solution of the equation
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T i¢ + My =T, z=1.. =10 {4.3.5)
With the same initial and boundary conditions (4.3.2) and (4.3.3).

Application of the Laplace transform with respect to t to (4.3.5) with the initial condition gives

fas
Using the integrating factor exp [5'1 ) gives the solution

| [
iz, 8)=— +Adexp (—; 5 ;--) ;

&

1
Where A is an integrating constant Since ~u(0, s)=0, A = s and hence, the solution is

i 1 aa
U\r,8)=—= |1—exp| —zz"% 3 (4.3.6)

Finally, we obtain the solution by inversion

.a-”) H (.' = r—z) . {4.3.7)

P | =

ulr.t)=1— (r —

Or, equivalently,

t. A<z
u(z, t)=4 1 . i {4.3.8)
;J"!. M =t

In this case, 4.3.3 (The Heat Conduction Equation in a Semi-Infinite Medium) Solve the problem
in your head.

Uy =8tr, =0, t=0 (4.3.9)
With the initial and boundary conditions
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u(z, 0) = 0, r>=0 (4.3.10)
u(l,t) = fit), t =] (4.3.11)
wir, ) =0 as r— oo, t=. (4.3.12)

Application of the Laplace transform with respect to t to (4.3.9) gives

Pa
— _Za=0. (4.3.13)
drs &

The general solution of this equation is

I8 ]
itfr,s)= Aexp (—.a' 1l',-'— + Bexp (J I'h"ll —) . (4.3.14)
e =

Where A and B are integrating constants. For a bounded solution, B =0, and using u(0, s) = f(s),

we obtain the solution

. s) = fis) EX (—_r'.lll:."i) » (4.3.15)

=
The inversion theorem gives the solution

r

u(r, t) == j_ / flt—7)r*  exp ( —:—_) dr, (4.3.16)
2y TR, dwT

(1]

A= 5 i:l_. or, di= —lj—\_ R
Which is, by putting? i h/k
2 i r g2
i i 1A
W [ 4 ( 4k III._J) c ‘
_ (4.3.17)

This is the formal solution of the problem. In particular, if f(t) = TO = constant, solution (4.3.17)
becomes
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Tl 32 . T
u(r.t) = =— / eVl = Tyerfe (;.._) , (4.3.18)
VI ' ket '

As tincreases, it is clear that the temperature distribution approaches asymptotically to the constant
value TO. On the other hand, we will discuss another physical issue that is concerned with the
determination of the temperature distribution in a semi-infinite solid when the rate of heat flow is
specified at the end of the solid when x = 0. As a result, the challenge is to solve the diffusion
equation (4.3.9) in the presence of the circumstances (4.3.10). (4.3.12)

—k (—)—Hu] atr=(. t=0, (4.3.19)

Where k is a constant that is called thermal conductivity Application of the Laplace transform

gives the solution of the transformed problem

1 [e &
iz, 5) = IH,I 3 4l #) exp [—J' Ill."ll :J " (4.3.20)

The inverse Laplace transform yields the solution

1l -".h_' L .r'j'
(2, t)=—4/— (t—7)7 Tex Y iT, 4.3.21)
wlz > \: : [ il Tl t\!!( -[Hf) aT. |

Q

A —
Which is, by the change of variable? 2y/KT

= [ q (r = J—) A2 g, (4.3.22)
kym . kX2

In particular, if g(t) = TO = constant, the solution becomes

o

]-:|.' ' - 2
wir. t)= (—,L) /' A a4 dA
R'V'F ;

e,
At
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Integrating this result by parts gives the solution

(it
21/ — exp (—’—) — zerfe J_) . (4.3.23)
l'l' w Arct Pt

Alternatively, the heat conduction problem (4.3.9)—(4.3.12) can be solved by using fractional
derivatives (see Chapter 5 or Debnath, 1978). We recall (4.3.15) and rewrite it

; Ty
ujir, )= —
S

(i 3
—_— =i (4.3.24)
il I'I,- K X

|

P | =

In view of (3.9.21), this can be expressed in terms of fractional derivative of order = as

th Eo o - 1 i _
r._e =——=12 ' sit(x, 5)} = ——= 0D ulz. t). (4.3.25)
ikr WK VA i

Thus, the heat flux is expressed in terms of the fractional derivative. In particular, when u(0, t) =

constant = TO, then the heat flux at the surface is

9 FoL KT
—k (2) = e (4.3.26)
oz ) _, W o

Example 4.3.4 (Diffusion Equation in a Finite Medium) Solve the diffusion equation
=Kl O0czr<e, 0. (4.3.2T)

With the initial and boundary conditions

ulr =0 0<r<a, (4.3.28)
w(0,8) =1, >0, (4.3.29)
u (a.f) =10, £=I(, (4.3.30)

Where U is a constant We introduce the Laplace transform of u(x, t) with respect to t to obtain
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fa
— - Za=0. O<z<a (4.3.31)
dr [
U {di
= (l) —0. (4.3.32ab)
& i SR

The general solution of (4.3.31) is

i(x, s) = Acosh (J" i) + B=inh (J’ :) , (4.3.33)
xll h IEII H

Where A and B are constants of integration. Using (4.3.32ab), we obtain the values of A and B so
that the solution (4.3.33) becomes

f.-'_'m’]'[""ﬂ"'k_]

The inverse Laplace transform gives the solution

ifr, 5) = (4.3.34)

coshla — x) l'l.-lil
we =1 — 3\ (4.3.35)

scosh (u .:)
Ve

The inversion can be carried out by the Cauchy Residue Theorem to obtain

X F (—1)™ (2n— 1){a —x)m
-:e[.r.f';-f-|i _:;ZJr—i { 251 }
= r.'xp{—l'ﬁn =1)? (;l:]_ Kt ” i (4.3.36)
L}

which is, by expanding the cosine term,
. 4 1 , In — 1
=171 —;E 2 — Hﬂm{( 7a ) n.r}
x ('—xp{—[in —1)2 (;;)_MH . (4337)
=i
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This result can be obtained by the method of separation of variables.
4.4 SOLUTION OF INTEGRAL EQUATIONS

DEFINITION 4.4.1 an equation in which the unknown function occurs under an integral is called

an integral equation.

An equation of the form

ft)=h{t)+ A /IA'[r.r:-f[r]r!T. (4.4.1)

This equation, in which f is the unknown function, h(t), k(t, ); and the integration limits a and b
are known; and is a constant, is referred to as the linear integral equation of the second kind or the
linear Volterra integral equation. h(t), k(t, ); and a and b are known, is known as the linear Volterra
integral equation. The kernel of the equation is defined as the function k(t, ) where t is the time in
seconds. In the case of h(t)=0 or h(t) = 0, such an equation is said to be homogeneous or
inhomogeneous, respectively. Whenever the kernel of an equation takes the form k(t, t) = g(t, t),
the equation is referred to as a convolution integral equation, and when it does not, it is known as
a convolution integral equation. In this part, we demonstrate how the Laplace transform technique
may be used to solve the convolution integral equations with success using the Laplace transform.

Exemplifications are available for this strategy, which is uncomplicated and easy to understand.

To solve the convolution integral equation of the form

F(t) = hit) + A f dt—)fr)ar (4.4.2)

We take the Laplace transform of this equation to obtain

i
fls)=h(s)+ A% { I gt — rl_!':'ﬂurr} .

Which is, by the Convolution
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Theorem

fis)=his)+ Af(s)als).
Or

. .il-i'-:.\"l
[ 8) = m—m— (4.4.3)
/(=) 1— .-".r;[-ij \

Inversion gives the formal solution

h(s)
I.:f]—_g’_]{L}_ (4.4.4)

1 — Agis)

In many simple cases, the right-hand side can be inverted by using partial fractions or the theory

of residues. Hence, the solution can readily be found.

Example 4.4.1 Solve the integral equation
_.r-:f'l—q.'—f\’[_.r-:rle!r. {4.4.5)
We take the Laplace transform of (4.4.5) to find

"| y i
Whence, by inversion, it follows that
flt) = aexpi{At). (4.4.6)

Example 4.4.2 Solve the integro-differential equation

fit)=asint + 2 ’/ f(r)sin(t —7)dr, F{0)=0. (4.4.7)
i}

Taking the Laplace transform, we obtain
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{

! R LI ] =
i +2¢{ f(1)}.Z {sint}

fo)= 2
Or

g a sf(s}— £(0)
JFI:'H_I_SE I +j{ fl:gz] fl. nI]II_

41 41

Hence, by the initial condition,

i
(s—1)2"

fls)=
Inversion yields the solution
Fi{t) =atexp(t). (4.4.8)
Example 4.4.3 Solve the integral equation
i
flt)=at™ —e2 — r‘[ fryett—")dr. (4.4.9)
A1

Taking the Laplace transform, we obtain

3 arnl | 3 -
H8) == ——=—fl5)
g s+h s—r

So that we have

. ‘s—r an! 1
5 = -
fis) ( 5 ) [.ﬁ-"’*l .-..--—b}

_an!  (agjn! 1 [.-4 +h—p— tr]

gntl = gn+2 & g+ h
anl  (acn! 1 e4+b |1 1
gh+l gn+2 5 b o g4+ b

an!  {acin! 1 (l+{l) 1 (] +¢~) 1
gntl sntE 5 h' s b/ s+b

a1l (ae)n! e (l r-) |

gn+l gn+2 hs

Inversion yields the solution
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nlac e : "
f(t)=at" — —— z’""‘+-—(l—'—)f"*’.
T '

Example 4.4.4 Find the solution of an integral equation for subsidence model in mining operations
(see J. H. Giese, SIAM Rev. 5, (1963) 1-6):

Fit) =

! Cf()
—— . 4.4.10
i_l+r'|3+”.[. A+t—12' VR

The integral equation has the convolution form

flt)= +a f(t)+ (4.4.11)

(1+1¢)* (1+)%

Application of the Laplace transforms yields

i 1 = 1
(sl=5 ¢ —— HFL— ", 44.12
I(s) {[1+#]-’}+HIN {-:1+1]2} ' ﬁ
Where
g L A _efd Lo} o] 1.
(1+1)2 dt 1 +¢ |+ ¢
o TR -er
—1—.-‘/ £ | put 1= s(1+1)

- ;—.n*/ & =1 —se* Ei(s)=k(s), (4.4.13)
Fa i

Where Ei(s) is the exponential integral defined in problem 22(b) in 3.9 Exercises. Consequently,
(4.4.12) gives

fi(s) =FE(s) +a fs)k(s)
So that

- k(s) ;
f)=—r 4.4.14
fls) T ak(e) ( )

The inverse Laplace transform gives the solution
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; ALHl 1 R ki{=)
Ifl—.iﬁ'_l{—-—}——/ N s, (4.4.15)
/ 1 —akis) 5 ) R 1 —akls) ' :

Where ¢ > 0 is taken so that all zeros of the [1 —a  k(s)] are located on the left side of the contour
In order to get more in-depth information regarding evaluating the complex integral, the reader is
recommended to Giese (1963) as well as L. Fox and E. J. Goodwin, Phil. Roy. Soc. Lond. 245
(1953), pages 501-530.

Example 4.4.5 Solve the integral equation
|| .
flt) +n / Fir)e™ =" dr = g(t). (4.4.16)
]

We apply the Laplace transform to (4.4.16) to obtain the solution for ~f(s) in the form
fis)= (l — %} gis). (4.4.17)
Application of the inverse Laplace transform gives

Flt)=glt) — ”[Ir giT)dr. (4.4.18)

4.5 SOLUTION OF BOUNDARY VALUE PROBLEMS

Aside from finding solutions to basic boundary value issues that occur in many fields of applied
mathematics and engineering sciences, the Laplace transform approach is very valuable in many
other areas as well. We use the approach to solve boundary value issues in the theory of deflection
of elastic beams to demonstrate its effectiveness. When the combined effects of the beam's own
weight and the imposed load on the beam are considered, a horizontal beam suffers a vertical
deflection. We examine a beam of length, and the equilibrium position of the beam is obtained

along the horizontal x-axis of the beam.

Example 4.5.1 (Deflection of Beams)

The differential equation for the vertical deflection y(x) of a uniform beam under the action of a
transverse load W(x) per unit length at a distance x from the origin on the x-axis of the beam is
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Ly " " ; b
El— = Wi(x). for O<z<¥. (4.5.1)
dat

, Where E is the Young's modulus, | is the moment of inertia of the cross section around an axis
normal to the plane of bending, and El is referred to as the flexural stiffness of the beam Some
physical variables connected with the issue are y (x), M(x) = Ely (x), and S(x) =M (x) = Ely (x),
which indicate, respectively, the slope, bending moment, and shear at a location in the coordinate
system. Discovering the solution of (4.5.1) under a given loading function and simple boundary
conditions including deflection, slope, bending moment and shear is of particular interest. We take

into consideration the following scenarios:

(1 Concentrated load on a clamped beam of length , that is, W(x) = W d(x — a), y(0) =y
(0) =0 and y() =y ()=0, where W is a constant and 0 <a<.

(i) Distributed load on a uniform beam of length clamped at x =0 and unsupported at x =
, that is, W(x) = W H(x — a), y(0) =y0) =0, and M() =S() =0.

(iii) A uniform semi-infinite beam freely hinged at x = 0 resting horizontally on an elastic

foundation and carrying a load W per unit length.

In order to solve the problem, we use the Laplace transform ~y(s) of y(x) defined by

[
k] |
R%)

e
=)= / e *Fylx) dx.
i

In view of this transformation, equation (4.5.1) becomes

EIls'G(s) — s*y(0) — 74/ (0) — sy (0) — o™ (0)] =W (s). {4.5.3)

The solution of the transformed deflection function ~y(s) for case (i) is

)= 20, p7(0) Wt
LA A I TEI ST

(4.5.4)

Inversion gives
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.} i
i I I Il o 1 f =3 5 z B
yir)=y (0)=— 44" ()= + =—lr —a)"H(r —a). {4.5.5)
) ) 7 Ly B GE] ! 1
; . | PR W 5 . ——
yilz)=9" [0z + STy () + TETE al*H{r—a). (4.5.6)

The conditions y() =y () = 0 require that

'!-'_J rii |
M — + " (= + —(f —a) =0,
Oy +y g +eppit—a

Y (0 + I.I'm”:']; + %U’ —a)?=10.
These algebraic equations determine the value of y (0) and y (0). Solving these equations, it turns
out that

Walé —a)? = Wid—a)?(f+2a)

"
r (D)= T and gy () =— T

Thus, the final solution for case (i) is

o W [alf—n)*z® (£ — a)?{f +2a)x? e = )P H(x— |.';I1: -
WT) =557 e - TE + 3 |- (4.5.7T)

It is now possible to calculate the bending moment and shear at any point of the beam, and, in
particular, at the ends.

The solution for case (ii) follows directly from (4.5.3) in the form

(N} e 3 r — ¥
. [ T2t T (1) W e™ e
Tis) = = -+ = tEr = (4.5.8)
The inverse transformation yields
1 S | W ol
ylr) = E_n'.f”[f“.n"_ T E!'.'”'ll_lh:li"i T mIJ —a)*H{r— a). (4.5.9)

Where y (0) and y (0) are to be determined from the remaining boundary conditions M() = S() =
0, thatis, y () =y (t) =0.

From (4.5.9) withy () =y () =0, it follows that
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g0+ "0+ —(f—a}* =10

2ET
i W )
¥ (0 + EI[ —a) =1
Which give
Wit —a)f+a) W
W | ) iy ill]l[_l'_n'”r“:ll - _-TLF- oo r}:l_

yiD)= — oEl

Hence, the solution for y(x) for case (ii) is

,:1'2 — I: :,_J.E J.-‘i “' 1
¥(r) = j ~(t-a)—+ (- aV'H(zr—a)|. (45.10)

2ETI 2

The shear, S, and the bending moment, M, at the origin, can readily be calculated from the solution.

The differential equation for case (iii) takes the form

d*y
LY (4.5.11)

El— +ky=W. =x=0.
r.f_r"

k is a positive constant, and the influence of elastic foundation is represented by the second

component on the left-hand side of the equation.

k I'.
Writing (ﬁ) ~*" equation (4.5.11) becomes

f W
(% + J“;") ylr) = ik 0. (4.9.12)
ar

This has to be solved subject to the boundary conditions

(4.5.13)

g0y =y"(0) =0,
(4.5.14)

y(x) is finite asx — oo,
Using the Laplace transform with respect to x to (4.5.12), we obtain

(5% + 4wt gls) = (%) i + sy {00 + "0 (4.5.15)
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In view of the Tauberian Theorem 3.8.2 (ii), that is,
liu: gif(s)= lim y(x).

it follows that y(s) must be of the form

W 1

Hlsl= ST ([4.5.16)
Which gives?

:lilrl-i; ylr)= % (4.5.17)
We now write (4.5.16) as

. W11 £ ] _
“‘"-“Tﬁh‘ ey (4.5.18)

Using the standard table of inverse Laplace transforms, we obtain

wix) = Tll — coSwT cosh wr)
W[ P b ]
= 1 — 5 “F oo wr — 3¢ il coswr| . (4.5.19)

In view of (4.5.17), the final solution is
uz)= % (l = __lf St 1:-:15_.;.1') . (4.5.20)

4.6 EVALUATION OF DEFINITE INTEGRALS

The Laplace transform may be used to assess certain definite integrals including a parameter with

ease when the parameter is known. Despite the fact that the assessment approach is not very

rigorous, it is basic and uncomplicated. It is primarily predicated on the possibility of switching

the order of integration, which is to say that the approach is interchangeable.
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b [
& / flt.x)dr = [.z,m_;pu_ (4.6.1)

a a

And may be well described by considering some important integrals.

Example 4.6.1 Evaluate the integral

s u)

[ sintr
flt) = / e S ) (4.6.2)
rla® 4+ )
0

With regard to t, we take the Laplace transform of (4.6.2) and exchange the order of integration,

which is possible owing to uniform convergence, to get

o
2 T scis pa
fls)= /;;] [: " sintzdt
J =mla® +z%)
1

dr
F (a2 + a2} a2 4+ 52)

Inversion gives the value of the given integral

fltl= %u — guty, (4.6.3)
¥

Example 4.6.2 Evaluate the integral

.-.-". 2ir
Flt) = [ i L7 (1.6.4)
J

4]
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A procedure similar to the above integral with 2 sin2 tx =1 — cos(2 tx) gives

fis) = %[ =

According as s > or < 0. The inverse transforms yields

it
Fit) =5 sgn t. (4.6.5)

Example 4.6.3 Show that

(4.6.6)

o0

[ i rf.r-%r —at {a,t>0).

o 5
= Tar

i

Suppose

i

F&in xt
(t) = i i
) [ 2 g

L}

Taking the Laplace transform with respect to t gives

x* da

f(s) =

(r?+ a?)(x? +52)

Taking the inverse transform, we obtain

— i

flt) ==
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4.7 APPLICATION OF THE JOINED LAPLACE AND FOURIER TRANSFORMS

Example 4.8.1 (The Inhomogeneous Cauchy Problem for the Wave Equation)

In order to solve the Cauchy issue for the wave equation as mentioned in Example 2.12.4, the
combined Fourier and Laplace transform approach should be used in conjunction with an
inhomogeneous term, g. (X, t). The combined Fourier and Laplace transform of u(x, t) is denoted

by the symbol

1

2w

Ulk,s)=

v

i"f;ﬂ-"""'—;;-'

T i [l_H'JJJ[.r'.."]-:f.". (4.8.1)
]

The transformed inhomogeneous Cauchy problem has the solution in the form

sF{k) + G(k) + Q(k, 5)

(22 + 252)

Uik, s)= {4.8.2)

Where Q (k, s) is the joint transform of the inhomogeneous term, g(x, t) present on the right side

of the wave equation.

The joint inverse transform gives the solution as

sE(k) + Gk) +Q(k,5)]

g2 ()3

||_|.|.': - 1 [

Glk) "
[F[ k) cosckt + I?—{_:*m r'.ﬂ'.f] e dk;
¥’

1 :
+ — / sinck(t — 1) Q& T)dT
k Jo

ol

o
- : [ Flll.ll:ll:r_.ln'.l.'n' +e it e ikx dk
i

LT Gk .
T / II—.:, ickt _  —ickt Ytk e
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= Gk, T) YO, [T
/ / l:_e-.'.l.--fl_l —ickit—1) ':a .|I||-|[|
1..""'3'_( a
1 i e I..-I Thi 3¢
_§:|I.J—|f'|.—_||ll —rf,l]—:_}—r k) dk i EL
= — Tt
T —T)
[ / —IQI.F- _IIHv./ rlﬁ." ||r|E
(}] = = ".-- r—c[t—7}
——jl,J—rf"J—fl,J -rlf.l]—— [q"'an
4 — r.ll / rjlllq"_';. T} dE. {4.8.3)

This is identical with the d’Alembert solution (2.12.41) when q(x, t) =0.

As an example, Section 4.8.2 (Dispersive Long Water Waves in a Rotating Ocean). A rotating
inviscid ocean is investigated using a combined Laplace and Fourier transform to solve linearized
horizontal equations of motion and the continuity equation, which are both linearized. Using a
rotating coordinate system (see Proudman, 1953; Debnath and Kulchar, 1972), the following

equations may be found:

. 1
—_—t+ fk xu=—=Vp-+ TT. (4.2.4)

In this equation, u = (u, t) represents the horizontal velocity field, k is the unit vector normal to the
horizontal plane, f = 2 sin t represents the constant Coriolis parameter, t represents the vertical free
surface elevation, and x and y represent the components of wind stress in the x and y directions,

respectively. The pressure is calculated using the hydrostatic equation.
P=po+ gelg —2) (4.8.6)

Where z is the depth of water below the mean free surface and g is the acceleration due to gravity.
Equation (4.8.4)—(4.8.5) combined with (4.8.6) reduce to the form
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e /2 dr  ph
i i ¥
e G = - e el (4.8.8)
% TIU="8 g t
e o 1o (4.8.9)
i iy h ot
It follows from (4.8.7)—(4.8.8) that
i i ) 1 far" ) .
Ju=— — )+ ——+fr"]. 4.8.10)
Py (ﬁ.r&)s R oh ( R (451
i* i 1 (oY
Do = —¢ —f— 1+ — - fr= 1, (4.8.11)
: g (f'.;'g,rr'.i'f f“:e!) * pl ( ot I ) Vet
Where the differential operator D is
i ,
D=|—+f]. 4.8.12)
(r‘h’” f ) | !

Elimination of u and v from (4.8.9)—(4.8.11) gives

(Tj - F—_DJ G = E(z,y.t), (4.8.13)
Where c2 = gh and V2 is the horizontal Laplacian, and E(X, y, t) is a known forcing function given
by

1 [&2rr %y fgry  oaT
Elr.y i) = —— | ——mt — eSO 1 (4.8.14
\E pe? | drdt iyt j ( dr  dy )] | }

Furthermore, we assume that the circumstances are homogeneous in the y direction and that the
wind stress operates only in the x direction, resulting in x and E being provided as functions of x

and t alone, respectively. As a result, the equation (4.8.13) is obtained.

& 148 . 2 P U
iR e F(eum)

Integrating this equation with respect to t gives
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& 1 /& ny | 1 ( i
PPy S OPTEE il || F Sy s ! [4.8.15)
[:'_.IJ.—' o (r”— Jr ) 1 = SN IJ.i" )

Similarly, the velocity u(x, t) satisfies the equation

K 1 /& 5 1 = : -
_r'}_:"—‘" = : (m-r f_)“ U= ——phr.z {_1"” ) " I,-L-?"\.“.l:'

Because they include zero on the right-hand side, equations (4.8.15) and (4.8.16) are known as the

Klein-Gordon equations, which have garnered a great deal of attention in both quantum physics
and applied mathematics. The following boundary and beginning conditions must be met in order

to solve the equation (4.8.15):

|| iz bounded as |r|— oo, (4.8.17)

(e t)=0 at t=0Ffor all real = (4.8.18)

The solution of the homogeneous equation (4.8.15) in the form of a plane wave is sought before

attempting to solve the starting value issue.
(e, t)= Aexplifwt — kx)}, (4.8.19)

Where A is a constant amplitude, o is the frequency, and k is the wavenumber. Such a solution

exists provided the dispersion relation
W =kt R (4.8.20)

Is satisfied. Thus, the phase and the group velocities of waves are given by

w . f2\? s 2k
Cp=—= (r-—'—f—_)) L S e i (1.8.21ab)
k Pl : e (c2k2 4+ 23

As a result, the waves in a spinning ocean (f = Q) are dispersive in nature. In contrast, in a
nonrotating ocean (f = 0), all waves would travel with constant velocity c, and they would be non-
dispersive shallow water waves, as opposed to rotational waves. Furthermore, since CpCg = c2, it
follows that the phase velocity has a minimum value of ¢ and the group velocity has a maximum
value of c. Even though they have the shortest phase velocity, the short waves will be seen first at
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a given location. The transformed solution is obtained by applying the combined Laplace and

Fourier transform on (4.8.15) in conjunction with (4.8.17)—(4.8.18) and getting the transformed

solution.
= .'1 '_I — ¥ 5 oy e oy r .
Lk, 3)= —,—r) flk,3), a ="+ ), (4.8.23]
5=+ a=) :
Where
Flpt = n (‘—"_"_' J H(t). (4.8.23)
e\ o

The inverse transforms combined with the Convolution Theorem of the Laplace transform lead to

the formal solution

glz.t)= —; [ (!«"" + f__‘] kT gk f flk,t—1)sinardr. (4.8.24)

&
W 2.

L]

Generalized speaking, this integral cannot be calculated without first prescribing f(x, t). Even if a
specific form of f is provided, obtaining a precise assessment of (4.8.24) is an almost
insurmountable challenge. Because of this, it is required to use asymptotic approaches to solve the
problem (see Debnath and Kulchar, 1972). The answer is investigated via the use of a specific type

of the wind stress distribution.

T

e — A H()H(—x). (4.8.25)

pc

Where A is a constant and o is the frequency of the applied disturbance. Thus,

1 fort it : ¥
— ( 5 =—Ae™ Ht)al—x). (4.8.26)
e L

In this case, solution (4.8.24) reduces to the form
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Ae 'I r sinaT
Clz.t) = —_;_ e =T I — 7). F [L] dT
Ve s VE+ —
Ar .I N 3 9 Ay L
i _r .--“""_"'_H[f sa T'I.f‘.{i["-l_' =z j._-:l-__-}
p | r‘
]
xHler — |2|) dr, (4.8.2T)

Where J0(z) is the zero-order Bessel function of the first type and z is the value of the function.
When = 0, this answer is identical to that found by Crease (1956), who used the Green's function

approach to arrive at the solution. Therefore, the answer is as follows:

Ae iy - 2
(== [ H{t—1)Jy l.f{r" = :} ] H (‘_ - :_) s VIR

In terms of non-dimensional parameters f T = a, f t=a, and fx ¢ = b, solution (4.8.28) assumes the
form

. a |
[%) L= / Hia — e )dy [-:r-.'-' e F;i]'!'] Hio — |b]) doe. (4.8.29)

Or, equivalently,

2 f i ) gl
(T) = [.f(;. [Iﬂ' — b7 | do, (4.8.30)
Ae ¥ J
| bf

Where d = max (|b|, a). This is the basic solution of the problem. In order to find the solution of
(4.8.16), we first choose.

| aTr :
( = Ad{t)H|—z), (4.8.31)

PR

So that the joint Laplace and Fourier transform of this result is AF{H(—x)}. Thus, the transformed
solution of (4.8.16) is
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- At 1 ; ; ;
ik, 3= —FIH(—2)}—m—m—, wi=(ck)? + F~ 4.8.32
: h {H( ]}I':s: +w?) ekt : :I

The inverse transforms combined with the Convolution Theorem lead to the solution

Ac f r—£\° i
J:[.r.!]-—# [H(_—f,‘.-,f” f{.rz—( rl") }

P, -
 H (f— LT “]) df,  (4.8.33)

C

- [reos -

« H (a. e EJ) de. (4.8.33)

=
Which is, by the change of variable (x — §)f =ca, with a = f't and b = (fx/c),
-1"2 T [ o a,d
= ﬁ [ Jo [(a? - r.—]z] H{a — |a]) de. (4.8.34)
For the case b > 0, solution (4.8.34) becomes
P ”,r (@ — o)) d 1.8.35)
iz, 1) m [:1—:].[,1]{“1 — -}rn. (4.8.35
h

When b <0, the velocity field is

@ b
"—1 E e T | : 2
ulr.t) = ﬁ [f Jo {I:ﬂ_ —11-‘]'3} doy — Hia— |b) [.I..{[uz - n“JJ-"} :J'ﬂ]
A r : iy A
= g—f 2zine — Hia — |f?|3f-ﬂ| {mz = rl']i} dex | , (4.8.36)

4]

Which is, for a < |b|,

A
. i) = (E‘;—f) sin a. (4.8.37)
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Finally, it can be shown that the velocity transverse to the direction of propagation is

4.-—(_

If b >0, that is, X is outside the generating region, then

3.|r f f a g L
(E) r-——H|u—F;]f:.f.ﬁ./‘.,ﬁ.{g_.:' —a ,.} da,

h ]

i =

A g o i 3
f Jo (3 —a )Ty HIF— |o]) dex. 4.8.38
Ir)jlf'l'[fq{l vl | } | x| ) ey (4.5.38)

1] b

e~

3

Which becomes, after some simplification?

= — [I[ —cosa) — [rin /...h. {:.1'3 =) nf]-'_—-}
.‘.] ;':u

For b <0, itis necessary to consider two cases: (i) a < |b| and (ii) a > |b|. In the former case, (4.8.38)

Hia — b). (4.8.39)

takes the form

2f ] e ok . _
(—) e /rf.j‘ [.,n,] {:.1— _ a?)h } dev = —2(1 —cosh).  (4.8.40)
gA : ; '
Li] -4

In the latter case, the final form of the solution is

il

B|
EIF \ ; ) @, 7 . :
(q_-l) v=—[1—cosh) + / ey .[J(:. {[.1" - ,.—H.'} d4. (1.8.41)
i :

2

Finally, the steady-state solutions are obtained in the limit as t — co(b — o)

oo A 1]
= w— T — L ]
L Efl Pl [

Ag .
i ﬁﬁmﬂ.

Ag cos ft — exp(—h), b0
P — ; (48.42)
2f |cos ft +exp(—|b)) —2. &<0
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Thus, the steady-state solutions are attained in a rotating ocean. This shows a striking contrast with
the corresponding solutions in the non-rotating ocean where an ever-increasing free surface
elevation is found. The terms sin ft and cos f t involved in the steady-state velocity field represent

inertial oscillations with frequency f.
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CHAPTER 5

SUMUDU TRANSFORMS AND THEIR PROPERTIES

5.1 INTRODUCTION

The Sumudu transform has already shown great promise, owing to its straightforward construction
and the unusual and valuable qualities that result as a result. It has been shown here and elsewhere
that it may be used to assist in the solution of complex issues in engineering mathematics and
applied science. Despite the promise offered by this new operator, only a few theoretical studies
have been published in the literature during a fifteen-year period, despite the possibility offered by
this new operator. The Sumudu transform is not mentioned in most, if not all, of the transform
theory texts that are currently accessible. No mention of the Sumudu transform can be found in
any of the more recent well-known comprehensive handbooks, including. Perhaps this is due to
the fact that no transform with this name (in the traditional sense) was announced until the late
1980s and early 1990s of the previous century. On the other hand, it is important to note that an
analogous formulation, known as the s-multiplied Laplace transform, was disclosed as early as
1948 (see, for example, and references), if not before. The chapter, which demonstrated the
application of the Sumudu transform to partial differential equations, came soon after important
work. It was shown in work that the Sumudu transform may be utilised to solve ordinary
differential equations and engineering control problems with high accuracy. Another step forward
was taken who introduced a complicated inversion formula for the Sumudu transforms, building

on Watugala's previous work (see Theorem 3.1 in Section 3).

The transform was presented in a very recent series on how to solve integrodifferential equations,
with a particular emphasis on dynamic systems, as well as how to apply the transform to solve
differential equations. Using partial differential equations and solutions to partial differential
equations as a starting point, Watugala extended the transform to include two variables. Several
applications of convolution type integral equations have been illustrated, with a special focus on
issues encountered in the manufacturing business. In the preceding part, we discussed how the
Laplace-Sumudu duality was used to establish or confirm the usefulness of this unique transform's
key characteristics and properties. A two-page table including the transforms of some of the main

functions would serve as an example of this kind of presentation. In order to give a more
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comprehensive list of functions, we include Sumudu transformations at the end of this chapter,
which are analogous to the vast Laplace transform list found in Spiegel [9]. A paradigm shift in
the conceptual process of Sumudu transform application to differential equations has been
achieved through the introduction of broader shift theorems, which appear to have combinatorial
connections to generalised stirling numbers. This is in addition to a paradigm shift in the
conceptual process of Sumudu transform application to differential equations. A notable
breakthrough over earlier work is that we show more general Sumudu differentiation, integration,
and convolution theorems than have previously been proven in the literature. The Laplace-Sumudu
duality (LSD) is also used in the generation of the complex inverse Sumudu transform, which may

be described mathematically as a formula for the Bromwhich contour integral.
5.2 DEFINITION OF THE SUMUDU INTEGRAL AND EXAMPLES

Over the set of functions,
A={[f()| IM, 11,12 >0, | f(1)| <« M if t £ (—1) x [0,00)},

The Sumudu transform is defined by

-

Glu) = 5[ f(1)] = [ flut)e™'dt, wne-r1,1).

Among other things, it was shown that the Sumudu transform has units-preserving features, and
as a result, it may be utilised to address issues without turning to the frequency domain. As will be
seen further below, this is one of the numerous advantages of this novel transform, particularly
when applied to situations involving physical dimensions. In reality, the Sumudu transform, which
is inherently linear, retains linear functions and, as a result, does not alter units, which is very
important (see for instance Watugala [11] or Belgacem et al. [5]). On the surface, this statement is

arguably best shown by the fact that it is an inference of a more general conclusion.

Theorem 5.2. The Sumudu transform amplifies the coefficients of the power series function,
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fith= > a, ™

Ll

by sending it to the power series function,

o
Glu) = E mla,u”.

Proof. Let f (t) be in A. If f (t) = Z.=0@!" in some interval | c R, then by Taylor’s function

expansion theorem,

Therefore, by (5.2), and that of the gamma function I" (see Table 2.1), we have

) ~om Im il r“ ]
s|fit)] = l 38 ! |:.!r.|'.l e fdt = T f . Iu"’[ ' |
J1 =1} = n H: A

e ':: j
E ]:e rlr;|+l]—"?f“f{:lju

k=0

Consequently, it is perhaps worth noting that since

U=y ——" =S Py
;. (m—n)! Lp AT

-~ : m!
22 ]_EZL 3 n'fm—m
Due to the fact that the Sumudu transform converts combinations (Cm n) into permutations (Pm
n), it may seem that more order is introduced into discrete systems. In addition, when the following
criteria are met, the criterion that S[f (t)] converges in an interval containing u = 0 is met,

specifically, that the following conditions are met:

() F"™0)—0 asn— oo,

o
()

M=l

(1) ]Lm

This means that the convergence radius r of S[f (t)] depends on the sequence f (n) (0), since
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fi=lipy |

=li e s
r ..-:F'-E ,l":"'I'U'II

Clearly, the Sumudu transform may be used as a signal processing or a detection tool, especially
in situations where the original signal has a decreasing power tail. However,

It is necessary to use caution, particularly if the power series is not significantly decaying. This
following case may serve as an educational illustration of the previously mentioned worry. To

illustrate, consider the purpose of the word

[In|r+11 ifte(—1,1],
flt) =4
l 0 otherwise,

Since flt) =%, (—1)"""(t"/n), then except for u =0,

|4

s[AE] = D> (=1 (n—1 )"

Diverges throughout, because its convergence radius

=t — 1)
r=lim| ———
n—ms (—1)7n!

Theorem 5.1 implies a transparent inverse transform in the discrete case, that of getting the original
function from its given transform, in the obvious manner.

Up to null functions, the inverse discrete Sumudu transform, f (t), of the power series

Glul =X gbau”, s given by
1
n!

sG] = fB) = 3 {—}u

In the next section, we provide a general inverse transform formula, albeit in a complex setting.
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5.3 EXISTENCE CONDITION FOR THE SUMUDU TRANSFORM

Theorem 5.3 If f is of exponential order, then its Sumudu transform S [f(t, X)] = F(v, u) exists and
is given by

Flw, ) = / [ f'_%_ﬁf{!_.r:lfﬂrh:.
Joo Jo

where, L =11 % gnd 1l =1 4 i The defining integral for F erists at
B U T i I -
1

i

points rll + == % + ﬁ 4t ++% in the right half plane ﬁ+ ﬁ = K+ + I-‘i-
1 1 i 1 1 i
. b=l igndgl=2L1,4%
Proof. Using = — n 7 ™™ % = & T £ we can express F(v, u) as:

1 i

“ & we can express F(v, u) as:

Flv,u) = f [ fﬂfi}nua(;—%) e~ K didz
ﬁ[m,]w( C)f-—r.-—:,n.;.-r_

1 1 .. 1 1

_ 1 i,
= + ;.111L1

B

Proof Using *

LR -
Then, for values of # # = %1 K:" e have

f%fl I.r{r.;,.JNmﬁ(iJr%) L

_ir_f!rfu'

| 1 e L Dl
= U[ f ~%) r+ ?‘u_:j"rﬂdu'
[i]
< ( ik ( 1R
n—KiJ\p— ﬁa
And
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o O ! 2 i t 2
/ l | f(t, x)| Ihill (— + J—) ‘ e 0 sgdbdr
Jo Jo | F L
=) o 1 iy Py ‘_,_'_ 1
< .U[ / gl-thT_T.-J" (%5 ,.} dtdr
S0 S0
< _”( .l,lfx'l_ ) ( r,rﬁ'g_ )
n— Ky jt — Ko

Which imply that the integrals defining the real and imaginary parts of F exist for value of Re

0 R o (R D T 1 .
i) 2 % T R and this completes the proof.

Consequently, we remark that the piecewise continuous and exponential order properties of a
function f are necessary and sufficient criteria for the existence of the Sumudu transform for that
function. Note also that the double Sumudu transform of function f(t, x) is defined in [5], and that

it has the form

(2.1) F(v,u)=S:[f(t,x);(v,u)]= —[ [ S, x)dtde

i

Where, S2 indicates double Sumudu transform and f(t, x) is a function which can be expressed as
a convergent infinite series. Now, it is well known that the derivative of convolution for two

functions f and g is given by
L1 +9)(&) = L f(x) + g(a) or f(z) * “=g(a)
dir dx dr
And it can be easily proved that Sumudu transform is:

g [eh I’J" % f;‘."i,.r ): ] =uS [e}—if[.r}: u] S[glx): u]
uS [f(x): u] § [ﬁ_{;[r}: u] .

Strong correlations exist between the double Sumudu and double Laplace transforms, which may

be stated in either of two ways:

(I} weFlw,e)= L£o (flz,y); [%i]l}
(II) psF(p,s) = Lo (_.f[.r. i) (f ':))
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In this case, £2 denotes the operation of the double Laplace transform. Most notably, the
double Sumudu and double Laplace transformations swap the images of sin(x + t) and cos(x + t),

respectively. It turns out that there is a

Sz [sin(x +1)] = L3 [eos(x + )] = ity

and Sa[cos(x +t)] = La[sin(x + )] = m![ﬁ'ﬁ?

5.4 SOME BASIC PROPERTIES OF SUMUDU TRANSFORM

Basic Properties of the— Sumudu Transform

If @lpo)=LS[¢lx 1)l then

depix, 1) — N
H.IJ‘_*.";I.[ 3 l pdip, o) = Si@{0, 1)},
. [B¢fee)] 1 1
|1‘III.*S,l T ] S ¢(p.a) ELI.H-‘--D.I.
amnLs, |22 2500, 0) - pS(e(0.1)) - S, (0.1)),
' a |
[JL-'1I.*S.[U-¢':'T'”:: -i,?!n-:p.r-:- i,f.r.s!'-:x.ﬂn- iI-m“.mr.irll-
i di- - o= o )
P(x,t)| p— P
(VILS | ——| =— W) — —Lig{x, 0)) — &b, (0, ]].
| x r[ Axit } J‘ib':F' a) = (@(x,0}) — 5(¢, (0, 1))
Proof
"a '.r” 1 ook o ’ E' xt
[HLtSrI ¢.l1 - =—J [ r"“"'”deafr
: I ; & Ja Ja dx

= lJ g""“u':{ r g Erq_'n__.n 2 d.r}
Tlo Ja dx

Let 4=¢ ™ dv=(délxt)ldx)dx ths
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[odfx)] L= _, o s '
LS . =— Tl —d( 0, ) + P x,
X I{ ax | J,[u £ { ¥ .F-'JI- e

= pd(p. o) — S(${0, t)).

L | dix, 1) 1 (™™ __ .. ddix,t)
(L, |22 =—| r gomtte 0] gt
- dt alg Jg it
| B [ o gl t)
=—[ e"':i_r{[ f““'f: ':.l'r}
el Io dat
let u=¢™"", dv=0¢{x, t)/3t dt, then

[, )] 1 _, ET™ g,
L5, "ﬁ; N==] = "t:f.lrr—g‘-l'_a.',ﬂ: +— | & Tehix, 1)t
i ot | o), | 7 Ja
1— 1
= —(p,a)— —Lig(x,0).
iF i

Similarly, we can prove that (111), (1V), and (V).
5.5 THE CONVOLUTION THEOREM OF SUMUDU TRANFORM

Through the course of this chapter, the symbols for the sets of all complex numbers, the set of all
real numbers, the set of all integers, the set of all natural numbers, and the set of all non-negative
integers will be used to refer to the sets of all real numbers, the set of all real numbers (including
zero), the set of all real numbers (including zero), the set of all non-negative integers (including
zero), and the set of all non-negative integers (including zero). Integral transformations have been
shown to be quite useful in the solution of differential and integrodifferential problems (see [1-
12]). The Laplace transform is one of the most effective integral transforms, where f is a function
specified for t O, defined by the formula

Fisy=(f(t)) = “,“ e " Ft)dt,

Assuming, of course, that the integral converges cites several examples of how it has tremendous
applications not just in applied mathematics but also in other disciplines of science like as
astronomy, engineering, physics, and so on. In addition, several integral transforms such as the
Sumudu, Fourier, Elzaki, and M-transforms have been addressed, and their characteristics and

applications have been thoroughly investigated by a large number of scientists, see and the

173



www.novateurpublication.com

references listed therein for more information. This is the theoretical equivalent of the Sumudu

transform, which was first developed and is given by the formula

) ) > . 1 [ :
Glu)=8[f(t)] = [ e f (ut)dt = — [ e uw flt)df., we(—7.Tl,
Jo fo

i,

Over the set of functions

A= {_f-:f] M, 71,72 >0, | f (t)] < Me™, ift € (=1} x [ll_:x;]} :

There have been several investigations and studies of the Sumudu transform by physicists and
mathematicians, as seen in and other publications. For example, described the Sumudu transform
as a two-variable transformation and offered an example of how to solve partial differential
equations with known beginning conditions. obtained the Sumudu transform of partial derivatives
and illustrated the usefulness of the transform by applying three distinct partial differential
equations in his research. Several properties of the Sumudu transform, as well as the relationship
between the Sumudu and Laplace transforms, were investigated by Kilicman et al. [6], who then
presented an application of the double Sumudu transform to solve the wave equation in one
dimension that exhibits singularity at the initial conditions. According to Asiru a Sumudu
transform of numerous special functions was supplied, and several applications were obtained
using Abel's integral equation, an integrodifferential equation, a dynamic system with delayed time

signals, and a differential dynamic system, among others.

Belgacem and colleagues discovered key features of the Sumudu transform, including scale and
unit-preserving qualities, and shown that the transform may be used to solve an integral
production-depreciation issue. Belgacem went into further detail on the features and connections
of Sumudu. All current Sumudu integration, differentiation, and Sumudu shifting theorems as well
as convolution theorems were extended by Belgacem and colleagues Here, we present the
modified Sumudu transform and analyse a wide range of features and relationships, including the
power function, the sine and cosine of a given power function, hyperbolic sine and hyperbolic
cosine of a given power function, and function derivatives of a given function. In addition, we find
two shifting characteristics for the modified Sumudu transform as well as a scale preserving

theorem for it. This chapter presents a modified inverse Sumudu transform and deduces several
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relationships and instances from it. Also shown is that modified Sumudu transform is the
theoretical counterpart transform of modified Laplace transform, as seen in the figure below. At
the end of this section, we discuss duality between the modified Laplace transformation and the

modified Sumudu transformation.

The Sumudu transformation satisfies the following operational properties, cf.:

S[1 =1 S [sin (at)] = =S5

5 I' = S [illﬁ[ra.f]-_ = ]_—II_-F

5[] = nlu® § [sinh (at)] = 24—

S [et] = ﬁ 5 [cosh (at)] = TraTal
S[f (at)] = G (au) | S[ef (1)] = =6 ()

Let f (t),g (t) € A be Sumudu transforms M (u) and N (u), respectively. Then the Sumudu transform
of the convolution of fand g is given by

S[(f=g)(t)] = uM{u) N (u),
Where the convolution integral is given by (cf. [2,4])
ot
(f+q)it)= / glx) flt —z)de
<1

Where s is a complex number with Re (s) > 0 The gamma function satisfies the following relations
Ms+1)=sl(s) and T'(n+1) = n!
For n being a non-negative integer.

5.6 DIFFERENTIATION AND INTEGRATION OF SUMUDU TRANSFORMS

This following theorem was established by Belgacem et al. [5] using the LSD between the Sumudu
transform and the Laplace transform. While we mention it in order to keep this work self-

contained, we utilise an induction argument to support the conclusion here.

Theorem 5.6.1 Let f (t) be in A, and let Gn(u) denote the Sumudu transform of the nth derivative,
f (n) (t) of f (t), then for n 1,
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Gl < f¥i0)
u'n'l ;I—l u.l.n'l. °

Galut) =

Proof For n = 1, shows that holds. To proceed to the induction step, we assume that holds for n

and prove that it carries to n+ 1. Once more by virtue of we have

s[f")] - £ (o)

u

'y

Guar (1) = S[(f™(2)) ] =

Galt) = f™(0) _ Glu) <& f%0)
= u T ’.'.T' yrHl-k

In particular, this means that the Sumudu transform, G2(u), of the second derivative of the

function, f (t), is given by

" Glu) - f(0] 0
Gx(u) =S(f" (1) = \u .'” ) _ I ?_
) e u

For instance, the general solution of the second-order equation,

d* yit)
df?

.F1Fi}4;]__{h

Can easily be transformed into its Sumudu equivalent,

Glu) - y(0)  y'(0)

- - w'Glu) =0,
= i

With general Sumudu solution,

(0) + uy' (0)
Gy = 20T HY A

¥
Wl

And upon inverting, by using Theorem 5.1 (or see Table 5.1), we get the general time solution:

y'(0)

sin{wi).

yit) = y(0)cos(wr) +
W
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Obviously, Theorem 5.1 shows that the Sumudu transform can be used just like the Laplace
transform, as in the previous example, to solve both linear differential equations of any order. The
next theorem allows us to use the Sumudu transform as efficiently to solve differential equations

involving multiple integrals of the dependent variable as well, by rendering them into algebraic
ones.

Theorem 5.6.2 Let f (t) be in A, and let Gn(u) denote the Sumudu transform of the nth
antiderivative of f (t), obtained by integrating the function, f (t), n times successively

" ¢
-H.'.'l“':l = H S [ _f.i'fjltff']”.
A0 Wl

Then forn 1,

G'u) =S(W't)) = u"Glu).

Proof. For n = 1, (3.6) shows that (4.9) holds. To proceed to the induction step, we assume that
(4.9) holds for n, and prove it carries to n + 1. Once more, by virtue of (3.6), we have

G" ' (u) =S5 (W™ (1) = 5[ l 1-1""":'4'111"1] = uS[{W"(t)] = u[u"G(u)] = u""' G(u).
. [

This theorem generalizes the Sumudu convolution Theorem 4.1 in Belgacem et al. [5], which states
that the transform of

(f *g)t)= ._}'iﬂgir rldr,
Is given by

S((f *g]lf]} = uF(u)Gilu).

Let f (1),9(t),h(t),h1(t),h2(1),..., and hn(t) be functions in A, having Sumudu transforms,
F(u),G(u),H(u),H1(u),H2(u),..., and Hn(t), respectively, then the Sumudu transform of
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-1

(f % g)"(t) = ||

.- [ flzleglt—1)(dr)”

is given by

S((f = g)"(t)) = u"F(u)Glu).

Moreover, for any integer n 1,

Sl{{h =hask---*hy) ()] =" Hi(u)Hz(u) - - - Hou)

In particular, the Sumudu transform of (f * g * h), with f, g, hin A, is given by
S[(f *g*h)(1)] = *Flu)G(u)H (u).

Proof. Equation (4.14) is just a straightforward consequence of Theorem 4.2, owing to the property
of associativity of the convolution operator, (4.12), which indicates that the convolution operator
IS associative (4.15). After everything is said and done, (4.16) is just an implication of (4.15) with
n = 3. The preceding conclusions may be used in a strong way to the solution of integral,
differential, and integrodifferential equations, among others. Applications of this kind are
discussed in the literature review portion of the article introduction section, which includes the
cited sources. To emphasise this point, we would like to remind the reader that Belgacem et al. [5]

employed similar findings to solve convolution type equations.
5.7 DIVISION OF SUMUDU TRANSFORMS
Over the set of functions,

A={flt) | 3IM, ny, 220, | Fl1)| «Me''™, ift & (—1) x[0,00)},

The Sumudu transform is defined by

-

Glu)=5[f()] = [ fluthetdt, ne(-r,1:).
S
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Among other things, it was shown that the Sumudu transform has units-preserving features, and
as a result, it may be utilised to address issues without turning to the frequency domain. As will be
seen further below, this is one of the numerous advantages of this novel transform, particularly
when applied to situations involving physical dimensions. In reality, the Sumudu transform, which
is inherently linear, retains linear functions and, as a result, does not alter units, which is very
important (see for instance Watugala [11] or Belgacem et al. [5]). On the surface, this statement is

arguably best shown by the fact that it is an inference of a more general conclusion.

Theorem 2.1. The Sumudu transform amplifies the coefficients of the power series function,

FIO="% &t

by sending it to the power series function,

na
Glu) = \_ nla,u".

Proof Let f (t) be in A. If f () = Z+=0" in some interval I C R, then by Taylor’s function

expansion theorem,

. = fln)(p)
fip= L m
—~ pl

Therefore, by (2.2), and that of the gamma function I" (see Table 5.1), we have

= o i)

.rj!.lfllfi|= IIZ'

= clnl (g
(ut)"e™"'dt = E L2 ]u" | t"e'dt
Ja

k=0

nt

|'I|
—T'r IurLrHll—'f’.'-_f'fL'Ilu

k=0 n! k=0

Consequently, it is perhaps worth noting that since

m m

s[(1+0"] =8 Y Cr =8y — = _u E

._.' nlim —MJ’

"
== T F;I-I:HI:.
;L — n)! =

A=t di=0
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Due to the fact that the Sumudu transform converts combinations (Cm n) into permutations (Pm
n), it may seem that more order is introduced into discrete systems. In addition, when the following
criteria are met, the criterion that S[f (t)] converges in an interval containing u = 0 is met,

specifically, that the following conditions are met:

This means that the convergence radius r of S[f (t)] depends on the sequence f (n) (0), since

Filiny |
| fleetifg) |*

r=lim

Clearly, the Sumudu transform may be used as a signal processing or a detection tool, especially
in situations where the original signal has a decreasing power tail.

5.8 SUMUDU TRANSFORM OF SPECIAL FUNCTIONS

Table 5.1 Special functions
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(1) Gamma function

{2} Beta function

{3) Bessel function

(4) Modified Bessel function

(5) Error function

(6} Complementary error function
{7) Exponential integral

(&) Sine integral

(9] Cosine integral

{10} Fresnel sine integral

{11} Fresmel cosine integral

(12) Laguerre polynomials

o

e | u" e du, n >0

Tirre)T(m)
Bim,n) = [ N — ) = ———

Ll +mn)
: x*
Jlx) = —//————
. 2% (pa+1)
alvin B o #0 2]
[ 2{2m+2)  24(2Zn+2)(2n+4) §
x"
Fafx) = i "Julix) = —————
2'T{n+ 1)
| T 1t .I
- i + .
U7 2(2n+2)  24(Zm+2){2n+4) i
3 i -
erfit) = ;_i- ¢ " du
7 Jo
2 E
erf{t) = 1 = exf{1) = —:I e " du
i " & u
Eift) [ —du
i
. " osin
Sife) | —du
S u
Gitn) = | =
Jo ow
i
S(t]) | sim e ol
) = l cos i du
-
Lalf) = ———{(1"""), m=10,1,2,_.
nl ot

It is necessary to use caution, particularly if the power series is not significantly decaying. This

following case may serve as an educational illustration of the previously mentioned worry. To

illustrate, consider the purpose of the word

In(t+1} ifers{-11],
fit) =
1] otherwise.

fit) =% (—1)"

Since

sA0]= 3 (=1 n— 1)

=1

(#/n), then except for u = 0,

Diverges throughout, because its convergence radius

(=1~ Hn—1) .
— | =lim—=0.
{—1)"n! [ el 1

r=lim

n=m

a transparent inverse transform in the discrete case, i.e., the ability to get the original function from

its given transform in a clear way
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Up to null functions, the inverse discrete Sumudu transform, f (t), of the power series G(u) = o

n=0 bnun, is given by

o

sG] = fity =3 {Lr\}b_.,:"_
=\ n!

In the next section, we provide a general inverse transform formula, albeit in a complex setting

5.9 THE RELATION BETWEEN SUMUDU TRANSFORM AND LAPLACE
TRANSFORM

The single Sumudu transform is defined over the set

A={AN3M, 1,02 =0, [f(1)]<Me"" if 1 & (—1) x [0,20)}
By

et

| ,
Filu)= S[f(thu] = E/ e, e [—1y,T)
Ju

B’

See [8], and the double Sumudu transform of function '/{%-¥):6.x € Be. js defined by

i T
Fivu) = Sa[f(r.x)(vu)] = — / [ e VRN ) et dx
MU g S

Given that an integral exists in which S2 denotes double Sumudu transform and f(t,x) denotes a
function that can be represented as a convergent infinite series, the condition is satisfied. The
Sumudu transform of derivative for convolution is then introduced as follows: the convolution of
derivative of the two functions f(x) and g(x) is provided by the sumudu transform of derivative for

convolution

d . o . . d
—(f #glx)=—Fflx)*glx) or [fix)*x—aglx)
dx dx dx

And the Sumudu transform is given by
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d d . 1. . | d
S|l—(f #gMxkv| =uS|—Flx)u|S[gix)u] or wuS[(x)u)S|—aglx)ul.
dx dx | dx

The convolution theorem holds true for a variety of integral transforms, including the Laplace
transform, the two-sided Laplace transform, and, with appropriate modification, the Mellin
transform and the Hartley transform among others. This theorem holds true for the Sumudu

transform as well, as seen below.

Theorem 1. Let f(tx) and g(tx) be having double Sumudu transform. Then double Sumudu

transform of the double convolution of the f(t,x) and g(t,x),

{.f'**_e,r]“._t]:/ / ST mgie—C x—n)dl dy

Is given by

Sa((f = =g)t.x); v.u] = woF{vu)Gvu).

Proof By using the definition of double Sumudu transform and double convolutions, we have

| E el .
Sl #wghix)ur] = H/ [ e~ g g 1) dlt dx

l g 8 o i . ; wff n N
- —/ [ e "(j /r _Jl'q':,.l,lh_{;[f—f,.‘f—:,l:lff:ﬂ'a;)c."m'.r
nr iy Jo i J0

Let ==+—{ b ¥ xZ and using the valid extension of the upper bound of integrals to t-1 and x-1,

we Yyield

E = N ~ e ) . :
Sa[{f exghrx) ] = e [ [ g e ETEN = Wl i If f e =it By dadft

Both functions f(t,x) and g(t,x) have zero value for to0, and xo0, thus it follows with respect to the

lower limit of integrations that
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] ax oo o 0
S:H.f}.«tu[:.-ﬂ:m'l=E[ [ eI (L ) d] dy [ [ e~ x/e~# gl f) da d
] o () w L w

Then, it is easy to see that

Sa[(f = #g¥r.x); u,r] = voF(uo)Glue)

And the double Sumudu transform of derivative of the double convolution given by

85 LU * kg ), x): r..!.r] = HrSs If—lﬂ {x) 1'_:.'] Salglt.x): o]
ax ox’
. |8 ] .
or weSs[f{tx) v.u)Ss [_,—g'{ Exh vl O
ax |

The triple Sumudu and Laplace transforms having strong relation that may be expressed as

£ 1 1 13Y
urwF(now) = £3 (.f]'.r__r.!]: (—_—_—) )
e w

Where £3 represents the operation of triple Laplace transform In particular, this relation is best
illustrated by the fact that the triple Sumudu and triple Laplace transforms interchange the image
of sin (xpypt) and cos(xpypt). It turns out that

H+o+w

Si[sn{x 4+ y+ 0] =£feos(x+ v+ 1)) = ; 3 3
(1 4+ (14 (1 4wy

And

l

Sifecos{x+ v+ )] =Lifsinlx+ v+ 1)) = = T =
(1 4+l 4+ o1 4wy

Thus, in particular case the relation between double Sumudu of convolution and double Laplace

transform of convolution is given by

Sa[(f = xgrxkou] = &i;if * HgHix)
In the following theorem, we discuss the triple Sumudu transform of periodic function f as follows.
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5.10 THE INVERSE OF LAPLACE TRANSFORM AND EXAMPLES

Recall the solution procedure outlined in Figure 6.1. The final stage in that solution procedure
involves calulating inverse Laplace transforms. In this section we look at the problem of finding

inverse Laplace transforms. In other words, given F(s), how do we find f(x) so that F(s) = L[f(X)].

We begin with a simple example which illustrates a small problem on finding inverse Laplace
transforms.

Example: Consider the functions

f.r': r#2.3
fiz) = =°. and glrj=+48 r=2
- =3
5 : ¥
b 1] = Mafrl] = =— . . . .
Then “W/1o)l = S9lxll == Because the altering of an integral's integrand at a few isolated

locations has no effect on the integral, it is possible for more than one function to have the same
Laplace transform. Example 6.24 demonstrates that inverse Laplace transforms are not one-to-one
correspondences. But it is possible to demonstrate that when numerous functions have the same
Laplace transform, at most one of them is continuous, as demonstrated in the following example.
As a result, we have come up with the following definition.

e—1[F(s)].

Definition: The inverse Laplace transform of F(s), denoted = is the function f defined

on [0,00) which has the fewest number of discontinuities and satisfies

Lif{x)] = F(s).

Example

| = cos 3.

I - s—1 &
'S —2s+5° (s —

B — Ay -+ 0

6.17 in reverse) 1

5—1 T iz i . s
-l] = e~ L = £* cos2z. (using property 1 of Theorem
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The inverse Laplace transform is a linear operator.

Theorem:
If £7YF(s)] and £7YG(s)] exist. then £ aF(s)+ 8G(s)] = al ' [F(s)] + 327G s)].
Proof

Starting from the right hand side we have
LlaL ' [F(s)] + BLG(5)]] = aL[E[F(s)]] + BL[LYG(5)]] = aF (s) + BG(s).
The result follows.

Most of the properties of the Laplace transform can be reversed for the inverse Laplace transform.

Theorem

If £7YF(s)] = flz). then the following hold:
1. £ YF(s+a)] = e " f(z):
2. L7 sF(s)] = f'(z), if F(0)=0;
i

1
2 l:’_:ﬂsﬁi—f F(t)dt;
L i

4. & e o F(s)] = ua(z) f(z — a).
Proof

1. 2le7*F f(r)] = F(s+ a) from Theorem G.17. property 1. The resalt follows.

2. 2[f'(z))] = =F(0) + sF (=) from Theorem 6.17, property 4. The result follows.
=, I |
3. .'E[f fit) dt] = =F(s), from Theorem 6.17, property 5. The result follows.
0 5
4. Blu,(z) flx — a)] = e L[f(x)] = e 2*F(s), from Theorem 6.19. The result follows.
Example:

1

Find &7'—1.
inc [.\-n:s-’+lj'

Solution
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. . 1 S i 1 . i ,
We can write ————— = —F(s), where F(s) = — T Then f(x)= £~ l;!- (#]] = sinx, =0 we zZei
o

s(52+ 1) -

#-17

i i1
_ £ Y2 F(s)] = / f(t)dt = / sintdt =1—cosz. Nl
= (4}

sisr 4+ 1) Jn

5.11 THE PROPERTIES OF INVERSE SUMUDU TRANSFORMAND EXAMPLES

The Sumudu transform has already shown great promise, owing to its straightforward construction
and the unusual and valuable qualities that result as a result. It has been shown here and elsewhere
that it may be used to assist in the solution of complex issues in engineering mathematics and
applied science. Despite the promise offered by this new operator, only a few theoretical studies
have been published in the literature during a fifteen-year period, despite the possibility offered by
this new operator. The Sumudu transform is not mentioned in most, if not all, of the transform
theory texts that are currently accessible. No mention of the Sumudu transform can be found in

any of the more recent well-known comprehensive handbooks, including.

Perhaps this is due to the fact that no transform with this name (in the traditional sense) was
announced until the late 1980s and early 1990s of the previous century. On the other hand, it is
important to note that an analogous formulation, known as the s-multiplied Laplace transform, was
disclosed as early as 1948 (see, for example, and references), if not before. The publication of
which demonstrated the application of the Sumudu transform to partial differential equations, came
soon after Watugala's key work .

It was shown in work that the Sumudu transform may be utilised to solve ordinary differential
equations and engineering control problems with high accuracy. Watugala's work was followed
who introduced a complicated inversion formula for the Sumudu transform, which was followed
by other researchers (see Theorem 5.1 in Section 5). The relatively recent series demonstrated how
to use the transform to solve integrodifferential equations, with a focus on dynamic systems, and
how to utilise the transform to solve differential equations. expanded the transform to two
variables, with a focus on partial differential equations and solutions to these equations.
demonstrated applications of convolution type integral equations, with a particular emphasis on
difficulties in the manufacturing industry. This novel transform's core helpful qualities were

established or corroborated by using a Laplace-Sumudu duality, which was noted in the previous
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section. An example of this would be a two-page table including the transforms of some of the
fundamental functions. We give Sumudu transformations for a more thorough list of functions at
the conclusion of this study, which is equivalent to the large Laplace transform list contained in
Spiegel [9]. The introduction of more broad shift theorems, which seem to have combinatorial
linkages to generalised stirling numbers, is in addition to a paradigm shift in the conceptual process
of Sumudu transform use with regard to applications to differential equations. In addition, we
prove more broad Sumudu differentiation, integration, and convolution theorems than have
previously been proved in the literature, which is a significant advance. We also use the Laplace-
Sumudu duality (LSD) to generate a complex inverse Sumudu transform, which is expressed as a

formula for the Bromwhich contour integral.

CHAPTER 6

APPLICATIONS OF SUMUDU TRANSFORMS

6.1 INTRODUCTION

Through the course of this chapter, the symbols C (for complex numbers), R (for real numbers),
N (for non-negative integers), Z (for real numbers), and NO (for non-negative integers) will refer
to the sets of all complex numbers, real numbers, integers, natural numbers, and non-negative

integers, respectively.
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Integral transformations have been shown to be quite useful in the solution of differential and
integrodifferential problems (see ). The Laplace transform is one of the most effective integral

transforms, where f is a function specified for t 0, defined by the formula
Fi{sy=[(f{t)) = /t{""_.l'i.“_lr!.f.

Supposing that the integral is converging in some way cites several examples of how it has
tremendous applications not just in applied mathematics but also in other disciplines of science
like as astronomy, engineering, physics, and so on. In addition, several integral transforms such as
the Sumudu, Fourier, Elzaki, and M-transforms have been addressed, and their characteristics and
applications have been thoroughly investigated by a large number of scientists, see and the
references listed therein for more information. This is the theoretical equivalent of the Sumudu
transform, which was first developed and is given by the formula

m

. i s | :
Glu)=8]F(t) —/ f_I,I"I..'.I."Irf."——/ e w fit)dt, ue (—m.m).

[~

Over the set of functions

A= {_rm AM. o =0 f (1) <« MeT it e (—1Y = [u_:m}.

Several applications of the Sumudu transform have been examined and studied by a large number
of physicists and mathematicians, as seen in the following examples: Examples include defining
two variables Sumudu transform and providing an example of solving partial differential equations
with known beginning conditions, as described by Watagula. Weerakoon obtained the Sumudu
transform of partial derivatives and illustrated the usefulness of the transform by applying three
distinct partial differential equations in his research. Following a brief discussion of various
aspects of the Sumudu transform and relationships between the Sumudu and Laplace transforms,
an application of the double Sumudu transform was presented, which was used to solve the wave
equation in one dimension with singularity at beginning conditions. According to a Sumudu
transform of numerous special functions was supplied, and several applications were obtained

using Abel's integral equation, an integrodifferential equation, a dynamic system with delayed time
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signals, and a differential dynamic system, among others. Belgacem and colleagues discovered
key features of the Sumudu transform, including scale and unit-preserving qualities, and shown

that the transform may be used to solve an integral production-depreciation issue.

went into further detail on the features and connections of Sumudu. Sumudu integration,
differentiation, and Sumudu shifting theorems, as well as convolution theorems, were all extended
in this work. Here, we present the modified Sumudu transform and analyse a wide range of features
and relationships, including the power function, the sine and cosine of a given power function,
hyperbolic sine and hyperbolic cosine of a given power function, and function derivatives of a
given function. In addition, we find two shifting characteristics for the modified Sumudu transform

as well as a scale preserving theorem for it.
6.2 SOLUTION OF ORDINARY DIFFERENTIAL EQUATIONS

The Sumudu transform was first introduced by Watugala (1993) for the purpose of solving
differential equations and control engineering issues in control engineering. The Sumudu
transform was used for functions of two variables in Watugula (2002), and the results were
positive. Weerakoon was the founder of several of the assets under question (1994, 1998). Further
essential features of this transform were discovered by Asiru (2002), who also verified their
existence. In a similar vein, the one-dimensional neutron transport equation in Kadem was
transformed using this technique (2005). The link between the Sumudu integral transform and
other integral transforms has been shown (see Kilicman et al. for more information) (2011). It was
Kilicman who established the relationship between the Sumudu transform and the Laplace
transform, in particular (2011). Kilicman and Eltayeb (2010) investigated the characteristics of
distributions using the Sumudu transform, which was further developed in Eltayeb et al. (2010).
Kilicman and Eltayeb (2010) investigated the properties of distributions using the Sumudu
transform (2010). Recently, this transform has been used to the solution of a system of differential
equations (see Kilicman et al. for more information) (2010). It should be noted that one particularly
intriguing point regarding the Sumudu transform is that the Original function and its Sumudu

transform have the identical Taylor coefficients, with the exception of the factor.
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n, See Zhang (2007). Thus if f(t) = Xil-want™ rop  F) = Li_snlauu®,

See

Kilicman et al. (2011). Similarly, the Sumudu transform sends combinations &) jnto

P(m,n)

permutations, and hence it will be useful in the discrete systems. The Sumudu transform

is defined by the formula

F(u) = s[f(t)u]

oo

1 F e
== f e (t)dt,

— o

ue(—T15,75).
Over the set of

L5}
M. and or/,ra >0.5uch that |j’{EJ|<Mer.f
f(t}li,r te(—1)X (—oo,m)

We want to demonstrate the usefulness of this intriguing novel transform, as well as its efficiency,
in solving linear ordinary differential equations with constant and non constant coefficients that

include the non homogeneous component as convolutions, as part of this research.

6.3 PARTIAL DIFFERENTIAL EQUATIONS, INITIAL AND BOUNDARY VALUE
PROBLEMS

In this section we introduce the notion of a partial differential equation and illustrate it with various
examples.

6.3.1 What is a partial differential equation?
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A partial differential equation (PDE) is a mathematical equation that describes the relationship
between a function u of many variables XI'™ xn and its partial derivatives from a strictly
mathematical standpoint. A differential equation with more than one variable is differentiated from
an ordinary differential equation, which only applies to functions of a single variable. For example,
if a function of two variables is given by the notation u(x, y), then one may consider the following

examples of partial differential equations as examples of functions of two variables:

g:ri: & gyi: =0  (Laplace’s equation)
2

3—5 - % =0  (the wave equation)
Fu  fu

e e 0 (the heat equation)

Pu
E_.;; + m_: = g{m?y’} {Fﬂiﬂl’l'ﬁ E‘quﬂ.tiﬂn]

In order to simplify the notation, we will often use subscripts to denote the various partial
derivatives, so that Ux = au/ax, Uxx = a2u/ax2 , and so forth. In this notation, the above four

examples are written, respectively,
u:r:l:+uw=u1 uzz_u'yy=u| u:n:-up:'l u::"_u]y:ﬂ

The order of a PDE is indicated by the highest-order derivative that appears. All of the above four
examples are PDEs of second order.

In the case of a function of several variables %{Z1:---1Za) the most general second-order partial
differential equation can be written

F[zl,...,zﬂ,u,u:,,...,u,_,uzl_u,uhz;,...,'u,m,n] =1{

where the dots suggest the additional partial derivatives that may arise. In case n = 1 we
get the second-order ordinary differential equation F(x, '1.£, '1.£', '1.£11) = 0. The essential
knowledge on ordinary differential equations is reviewed in Appendix A.l. Another key idea linked

to a PDE is that of linearity. This is most readily understood in the context of a differential operator
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$ applied to a function u. Examples of differential operators include £'1.£ = au/ax, £'1.£ = 3u +
siny8u/8x, and £'1.£ = '1.£ {)2u/8x2 ¢ The operator is considered to be linear if for any two
functions u, v and any constant c,

Llu+v)=Lu+ Ly, Lleu)=cLu

A PDE is said to be linear if it can be written in the form
(0.1.1) £u=g

(0.1.2)

Where £ is a linear differential operator and 9 is a given function. In case 9 = 0, (0.1.1) is said to
be homogeneo'U.."J. For example, three of the above examples (Laplace's equation, the wave
equation, and the heat equation) are linear homogeneous PDEs. The most general linear second-
order PDE in two variables is written

a(z, y)uee + b(z, Y)ugy + oz, Y)uy + d(z, y)us + ez, y)u, + fz,y)u = g(z,y)
Where the functions a, b, c, d, e, I, 9 are given.
6.4 SOLUTION OF INTEGRAL EQUATIONS

When a function to be determined occurs beneath the integral sign, the equation is said to be an

integral equation. The linear integral equation in its most generic version is denoted by

Bix)
h(x) u(x) = f(x) + -[KI].T, £) u(&) d forall xe[a, b]

In which, u(x) is the function to be determined and K(x, & ) is called the Kernel of integral equation.

6.4.1 Volterra Integral equation

h(x) u(x) = f{x) + J'K{.r &) u(&) dE forall xe[a, b]
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That is, in Volterra equation b(x) = x

(1) If h(x) = 0, the above equation reduces to
- fix) = JK(:: LS ulé)ds

This equation is called Volterra integral equation of first kind.

(i) If h(x) =1, the above equation reduces to
u(x) = fix) + J.K{:r: EYulE) dE

This equation is called Volterra integral equation of second kind.

6.4.2 Homogeneous integral equation. Iff(x) =0 forall x € [a, b], then the reduced equation

i
h{x) u(x) = -[KE.T ,eyu(Erdé

@

Is called homogeneous integral equation. Otherwise, it is called non-homogeneous integral
equation.

6.4.3 Leibnitz Rule. The Leibnitz rule for differentiation under integral sign:

Hix) ||r-'l|.-'-:ln |
£ IFW &) dé |= J- F ge+Fx, f) 28O _p(x, a(x)dB)
dx e

dx dx

E{x) alx)

In particular, we have
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il_l-h':x : é}rrf§}d¢‘=ji—hu{§} dé+K(x , x)u(x) .
iax ox
La

[}

6.5 SOLUTION OF BOUNDARY VALUE PROBLEMS

In differential equations, solving a boundary value issue for a given differential equation entails
finding a solution to the differential equation under consideration of a given set of boundary
conditions. When a boundary condition is prescribed, it specifies a number of different

combinations of values of the unknown solution and its derivatives at different points.
Letl =(a, b) € R be an interval. Letp, g, r : (a, b) — R be continuous functions.
Throughout this chapter we consider the linear second order equation given by

y" +plr)y +qlz)y=r(r), a<zr<h

Corresponding to ODE (5.1), there are four important kinds of (linear) boundary conditions. They

are given by
Dirichlet or First kind : yla)=m. ylb) =10
Neumann or Second kind : yla)=m, y'(b)=1mna,
obin or Third or Mixed kind : aqyla) + asy'(a) = m.  Bwy(b) + G4/ (b) = e,

Periodic : yla) = yib), v'(a) =y'(b).

Remark 5.1 (With regard to the periodic boundary condition) The coefficients of ODE (5.1) are
periodic functions with period I=ba, and the solution of ODE (5.1) is defined by x = x + I. If x = X
+ | is also a solution of ODE (5.1), then the function x defined by x =1 is likewise a solution of the
equation. Assuming that a meets the periodic boundary conditions, the equations (a) = (a) and (a)
= (a) and (a) = (a) (a). Given that there are no other solutions to I\VVP in this situation, it is necessary
to conclude that Or, to put it another way, is a periodic function with period I. When compared to
Initial value issues, Boundary value problems are more difficult to solve. For one thing, there are

BVPs for which there are no solutions, and even if a solution does exist, there may be many more
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BVPs. As a result, BVPs often fail to satisfy the requirements of existence and uniqueness. Using

the following example, we can see all three alternatives.
Example:

Consider the equation

y' +y=0

(1 The BVP for equation (5.2) with boundary conditions y(0) =1, y( = 2 ) = 1 has a unique

solution. This solution is given by sin X + cos X.

(i) The BVP for equation (5.2) with boundary conditions y(0) = 1, y(xr) = 1 has no
solutions.

(ili)  The BVP for equation (5.2) with boundary conditions y(0) = 1, y(2z) = 1 has an infinite
number of solutions.

6.6 EVALUATION OF DEFINITE INTEGRALS

Absolute integrals are distinguished by the presence of numbers written to the top and lower right
of the integral symbol. This leaflet describes how to assess definite integrals and how to calculate
their derivatives.

1. Definite integrals

The quantity

/ f(r)dr

The definite integral of f(x) from a to b is referred to as the definite integral. The lower and higher
boundaries of the integral are denoted by the integers a and b, respectively. If you want to see an

example of how to assess definite integrals, examine the following one.

Example
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Filtrll rodr.
J1

Solution

First and foremost, the integration of x 2 is carried out in the conventional manner. However, in
order to demonstrate that we are dealing with a definite integral, the result is often contained in

square brackets, with the integration limits stated on the right side of the square bracket:

Then, the amount enclosed in square brackets is evaluated, first by letting x take the value of the
higher limit, and then by letting x take the value of the lower limit, as shown in the following
example. The value of the definite integral is found by calculating the difference between these

two results:

(Evaluate at upper limit) — (evaluate at lower limit)

- (59 (59

Note that the constants of integration cancel out. This will always happen, and so in future we can

ignore them when we are evaluating definite integrals.

Example

-3
Find / rdr.

Solution
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o~ [T

Find / cos dr.

Solution

o = 2
/n cosrdr = |[sinz|]

= Hin(:—'} sin ()

6.7 APPLICATION OF THE JOINED LAPLACE AND SUMUDU TRANSFORMS

There are various publications in the literature on the theory and applications of integral
transforms, such as Laplace, Fourier, Mellin, and Hankel, to mention a few, but there is relatively
little work on the power series transformation, such as the Sumudu transform, in the literature.
This is most likely due to the fact that it is not commonly utilised yet. Watugala recently suggested
the Sumudu transform, which may be found in. The features were first defined in and then used to
partial differential equations; see, for example, for more discussion. In our research, we make use

of the convolution notation as follows: a double convolution between two continuous functions

F(x, y) and G(x, y) is defined as follows:

ip o cm
Filr,y) = «Falx, y) = / / File — 0,y — 83 Fa (. 02)dity dds:
Jo Jo
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We refer to for further information on the double convolutions and derivatives, as well as their
characteristics. The single Sumudu transform is defined over the set of all the functions in the set

of functions

A= {jm L AM, 1y, > 0, (1)) < Me¥™, ift € (—1)F x [0, ;m}
By
1 i
Flu)=S[f(t);u] = - / e Ut dt, wuweE(—7,T).
i Jo

A necessary requirement for the existence of the Sumudu transform of a function f is of exponential

order, which means that there are real constants in the function's domain.
M =0, Ky, and K3, such that | f(t, )| < .‘lfr“;l'_].‘l_-'.
The Sumudu Transform

Theorem 6.1. If f is of exponential order, then its Sumudu transform S [f(t, X)] = F(v, u) exists and
is given by
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oc o0

(v.u) =/ / et (t,x)dtdr,
o Jo

a

dl=14+4 3 The defining mlegral fm F erists al

T

-

where,

El—g',_
=i

LB D B 1 - i 1
3 =5 tat5++g in the right holf plane X - + 4 s 7\7 + p-:-

v n

points

- % we can express F(v,u) as:

i 4
S T A (L, SURY
F(v,u) = / / flt.z)cos (—-+ :) e % ndtdr
/ / f(t.z) sm( ) e 7 kdtda.
0

Then, for values of - L e 2 35 -,- + F we have

£
I, &
f [ e m(r ‘)
1 YL
M / / (%% e
kK, Nk,
l}—]\l [l—]\'z

t x
e % ndide

IA

IA

And

fxfx 1£(t,2)| |sin (i + 1;-) e

< .uf f (=222 g

_:”( J}Klr ) ( :I';I(zr )
n— K = Ka

[

which |mpIy that the mtegrals defining the real and imaginary parts of F exist for value of Re(

i —

By
G+3) > & Atk o and this completes the proof.

=N =]
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Thus, we note that for a function f, the sufficient conditions for the existence of the Sumudu

transform are to be piecewise continuous and of exponential order.

We also note that the double Sumudu transform of function f(t, x) is defined in [5], by

! 1 L = pd g
(2.1) Fiv,u)=S[f(t,x):(v,u)] = — [ / e vauwd fi, x)dide
o1 W ]

Lt

S2 stands for double Sumudu transform and f(t, X) is a function that may be written as an infinite
series with a convergent endpoint at the origin of the series. The derivative of convolution for two
functions f and g is widely known at this point, and it is written as

il { il
—(f +9)(x) = — f(x) * g(z) or f(x)+ —g(z)
dr i ix
And it can be easily proved that Sumudu transform is:
1 { i
—(f +9)(x) = —f(2) * glz) or f(x)+ —g(z)
dr ix dx

And it can be easily proved that Sumudu transform is:

S [0+ 9w o] = uS [££(e)4] Sla(o);
oS () S [hol): o]

The double Sumudu and double Laplace transforms have strong relationships that may be
expressed either as

(I} weFlu,v)=Ls U[J-,H:.;[i lj]‘

TR

() psFip,) = £2 (7@ w); (3:4))

where £2 represents the operation of double Laplace transform. In particular, the double Sumudu
and double Laplace transforms interchange the image of sin(x + t) and cos(x + t). It turns out th
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Solsin(xr 4+ t)] = L3 [cos(x +1)] = s

e "
(14u)={14+2)=

i '.'--'-;'_'."-_"f__,"_r
and 5o [cos(x +1)] = £ [sin(x + 1) T

6.8 SUMUDU TRANSFORM IN CONTROL ENGINEERING

In the lack of beginning values as well as boundary conditions, a differential equation by itself is
intrinsically under constrained. It is also generally known that a differential equation, together with
its beginning values or boundary conditions, may be represented by an integral equation, and that
it is feasible to solve the issue by employing this integral version of the differential equation.
However, one of the most significant accomplishments and applications of integral transform
techniques is the solution of second-order partial differential equations (PDES). A new integral
transform, known as the Sumudu transform, was recently introduced and used for partial
derivatives of the Sumudu transform, which provided the complex inversion formula in order to
solve differential equations in various applications of system engineering, control theory, and
applied physics. According to Asiru in the convolution theorem of the Sumudu transform may be
established]. Several applications of this novel transform have been shown, including the solution
of ordinary differential equations and control engineering issues. Some essential features of the
Sumudu transform were developed in which may be found here. This novel transform was applied
to the one-dimensional neutron transport equation in and the results were published. It was really
examined in how the link between the double Sumudu and the double Laplace transformations
works. A further extension of the Sumudu transform was made to distributions in the chapter and
some of their features were also investigated. As a result, there have been several works on the

Sumudu transform that have been applied to a variety of issues.

In this chapter, we establish the Sumudu transform of convolution for matrices and apply it to
solve a regular system of differential equations with a constant coefficient of convergence.

Throughout the chapter we use a square matrix, , P = [P,] of regular system having size = = n of
polynomials and the associated determinant, , detP. If detPis not the zero polynomial which we
write as det (F)#0), we have degdet (P)] = IN(P)| where N(is the degree of the polynomials in
the regular matrix P. The case of equality is so important that we make the following statement.

We say that P is regular if detP/ 0 and the condition
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deg[det(P}] = IN(P)|,

Where NJjP considered as the highest power of the variable term that occurs in the jth column of

matrix P, that is,

N-r”:} = {nn::. [de;i_.',f_ [PI ] H *

P 20

Next we extend the result given in 4 as follows. For each iand j we define Wij P xto be the 1 x Nj

matrix of polynomials given by the matrix product

a1y T aw
dy i ap, 0

i 111 1
yr f'{]_]: <_FF”-Y-'\‘|) s ay, 0 0
ap, 0 0

3y k )
Where the ak are the coefficients of [ 2nd Iy = 2, @/ |n terms of 7.1in 4we have
1£r:lll.i|{l_:| _ (qlﬁ_(_ﬂ 1R - ﬂ.)}

Where the number of zero indicated is Nj—degPijWe define WP to be matrix of polynomials and

having size m x |[N| defined in terms of the array of matrices:

(1.1} (124 {1.si)
1];]" 'III]L wer Y
(2,1} (22% (2.1}
yr L | | e eee ApF
pit ol 3

W, = {31} {31}
Fr = 1]:|1 L 1]:|“

1_Ir:l.:rl_,ll ; s -l_p:ljln.l.'l

For each complex number *¥7(%) define a linear mapping of C™' into <. If any Nj is zero,

w'™ is the empty matrix for all i and the corresponding column of matrices in ¥r is absent.
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If Ni =0 for al i.¥r(x) is defined to be the unique linear mapping of {0} CO into € its matrix
representation is then the empty matrix. In particular consider

a2 1-2x
Wolx) = . Js
It + 22 42°

Then we have N1= 4, N2 =3, and N =4, 3. Thus WP is the 3 x 7 matrix computed as

( HE 200\ )

s S | 2010 I T |
eRE RS i T P
XXX X 0100 xxe X
000
1000
Wplx) =
2001
004
D010
(ii,ll) (ii_,l_) 040
xx2x /o100 x x? x*
400
l\ 1000 f
7 12 1 11 2
i By X X X X3 x
S | 1 1 1 4 4 4
e S i e s £

In general, if f = (i fz---. fi) s a sequence of functions on (@bl o = h ey \with each h

z

being an integer Uand fi being hi 1 times differentiable on a, b, we will write, using the notation

in 4,

O f,a;h) = (P{fi,a:h), O fr.a;h2),..., 0 fr,a;h,)) € cl
F(f.bih) = (F(fr.bih), F(fi.bih),. ... F(fpbibp)) € il
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CHAPTER 7

CONCLUSION

The definition and application of the new complex SEE integral transform to solution of ordinary
differential equations has been demonstrated In the present chapter, a new integral transform
namely SEE transform was applied to solve linear ordinary and partial differential equations with
constant coefficients. Also, its applicability demonstrated using different partial differential
equations (wave, heat, Laplace), we find the particular solutions of these equations. This part of
the course introduces two extremely powerful methods to solving differential equations: the
Fourier and the Laplace transforms. Beside its practical use, the Fourier transform is also of
fundamental importance in quantum mechanics, providing the correspondence between the
position and momentum representations of the Heisenberg commutation relations. An integral
transform is useful if it allows one to turn a complicated problem into a simpler one. The transforms
we will be studying in this part of the course are mostly useful to solve differential and, to a lesser
extent, integral equations. The idea behind a transform is very simple. To be definite suppose that
we want to solve a differential equation, with unknown function f. One first applies the transform
to the differential equation to turn it into an equation one can solve easily: often an algebraic

equation for the transform F of f.

Through the course of this chapter, the symbols C (for complex numbers), R (for real numbers),
N (for non-negative integers), Z (for real numbers), and NO (for non-negative integers) will refer
to the sets of all complex numbers, real numbers, integers, natural numbers, and non-negative
integers, respectively. The Sumudu transform has already shown great promise, owing to its
straightforward construction and the unusual and valuable qualities that result as a result. It has
been shown here and elsewhere that it may be used to assist in the solution of complex issues in
engineering mathematics and applied science. Despite the promise offered by this new operator,
only a few theoretical studies have been published in the literature during a fifteen-year period,
despite the possibility offered by this new operator. The Sumudu transform is not mentioned in
most, if not all, of the transform theory texts that are currently accessible. No mention of the
Sumudu transform can be found in any of the more recent well-known comprehensive handbooks,

including. Perhaps this is due to the fact that no transform with this name (in the traditional sense)
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was announced until the late 1980s and early 1990s of the previous century. On the other hand, it
IS important to note that an analogous formulation, known as the s-multiplied Laplace transform,

was disclosed as early as 1948 (see, for example, and references), if not before.
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